Downloaded 12/16/24 to 129.177.146.15 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

SIAM J. COMPUT. © 2024 Society for Industrial and Applied Mathematics
Vol. 53, No. 4, pp. 1085-1131
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Abstract. Branchwidth determines how graphs and, more generally, arbitrary connectivity
(symmetric and submodular) functions can be decomposed into a tree-like structure by specific cuts.
We develop a general framework for designing fixed-parameter tractable 2-approximation algorithms
for branchwidth of connectivity functions. The first ingredient of our framework is combinatorial. We
prove a structural theorem establishing that either a sequence of particular refinement operations
can decrease the width of a branch decomposition or the width of the decomposition is already
within a factor of 2 from the optimum. The second ingredient is an efficient implementation of the
refinement operations for branch decompositions that support efficient dynamic programming. We
present two concrete applications of our general framework. The first is an algorithm that, for a
given n-vertex graph G and integer k, in time 229" 12 either constructs a rank decomposition of G
of width at most 2k or concludes that the rankwidth of G is more than k. It also yields a (22F+1 —1)-
approximation algorithm for cliquewidth within the same time complexity, which in turn improves
to f(k)- n? the running times of various algorithms on graphs of cliquewidth k. Breaking the “cubic
barrier” for rankwidth and cliquewidth was an open problem in the area. The second application is
an algorithm that, for a given n-vertex graph G and integer k, in time 29(*)n either constructs a
branch decomposition of G of width at most 2k or concludes that the branchwidth of G is more than
k. This improves over the 3-approximation that follows from the recent treewidth 2-approximation
of Korhonen [FOCS 2021].
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approximation algorithms

MSC codes. 68Q25, 68R10, 68Q27

DOI. 10.1137/22M153937X

1. Introduction. The branchwidth of a connectivity function f (that is, f is
symmetric and submodular and f(@) = 0) was introduced by Robertson and Seymour
[41]. Let V be a finite set and f : 2V — Zsq be a connectivity function on V. A
branch decomposition of f is a pair (T, L), where T is a cubic tree (the degree of each
nonleaf node of T is 3) and L is a bijection mapping V' to the leaves of T. (If |[V| <1,
then f admits no branch decomposition.) For every edge e of T, the connected com-
ponents of T'\ {e}, the graph obtained from T by deleting e, induce a partition (X,Y")
of the set of leaves of T. The width of e is f(e) = f(L=Y(X)) = f(L7}(Y)). The
width of (T, L) is the maximum width of all edges of T. The branchwidth bu(f) of f
is the minimum width of a branch decomposition of f. In this paper, we develop a
framework for designing fixed-parameter tractable (FPT) 2-approximation algorithms
for computing branch decompositions of connectivity functions. We provide a de-
tailed overview of the framework in section 2. Here we discuss some of its concrete
algorithmic consequences.

Rankwidth. Rankwidth was introduced by Oum and Seymour [37]. A rank de-
composition of a graph G is a branch decomposition of the following connectivity
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function f defined on the vertex set V(G). For a graph G and a pair A, B of disjoint
subsets of V(G), let G[A, B] be the bipartite graph induced by edges between A and
B. Let M¢[A, B] be the |A| x |B| 0-1 matrix representing G[A, B]. Then the value
f(A) = f(V(G)\ A) = rk(Mg[A,V(G) \ A]) is the GF(2)-rank of Mg[A,V(G) \ A].
By making use of our algorithmic framework for connectivity functions, we prove the
following theorem about approximation of rankwidth.

THEOREM 1.1. There is an algorithm that, given an n-vertex graph G and an
O(k
integer k, in time 22 “ 02 either computes a rank decomposition of G of width at

most 2k or correctly concludes that the rankwidth of G is more than k.

Several algorithms computing rankwidth exactly or approximately are known in
the literature. After a number of improvements, the best running times of algorithms
computing rankwidth are of the form f(k) - n?® [28, 30, 35, 38, 37]. Theorem 1.1
affirmatively answers the open question of Oum [36, Question 3], who asked whether
there exists an algorithm with functions f(k), g(k), and a constant ¢ < 3 that finds a
rank decomposition of width at most f(k) or confirms that the rankwidth of a graph
is larger than k, in time g(k) -n°. Pipelined with the previous work on rankwidth and
cliquewidth, Theorem 1.1 has several important consequences.

Cliqguewidth. A common approach in graph algorithms is to decompose a graph
by making use of small separations. Perhaps the most popular measure of graph de-
composition is the treewidth of a graph [17, Chapter 7]. Many NP-hard optimization
problems can be solved efficiently on graphs of bounded treewidth. The seminal result
of Courcelle [10, 11] (see also [1, 6, 12]), combined with the algorithm of Bodlaender
[2], states that every decision problem on graphs expressible in monadic second order
logic (MSQ>) is solvable in linear time on graphs of bounded treewidth. However,
the average vertex degree of a graph of treewidth k£ does not exceed k, limiting the
algorithmic applicability of treewidth to “sparse” graph classes. Arguably, the most
successful project of extending the meta-algorithmic results from graphs of bounded
treewidth to “nonsparse” graphs is by making use of the cliquewidth of a graph de-
fined by Courcelle, Engelfriet, and Rozenberg [13]. We give the formal definition due
to its technicality in the appendix. Informally, a graph is of cliquewidth at most k if
it can be built from single vertices following a k-expression, which identifies how to
systematically join the already constructed parts of the graph. Moreover, in each con-
structed part, the vertices can be partitioned into at most k types such that vertices of
the same type will be indistinguishable in later steps of the construction. Cliquewidth
generalizes treewidth in the following sense. Every graph G of treewidth at most k has
cliquewidth at most O(2F). On the other hand, for example, the n-vertex complete
graph K, has treewidth n — 1 but constant cliquewidth [29].

Oum and Seymour proved that for any graph of rankwidth k, its cliquewidth is
between k and 2¥+! — 1 [37]. Moreover, their proof gives an algorithm that in time
20(k)n2? converts a rank decomposition of width k into a (25t — 1)-expression for the
cliquewidth. By combining the construction of Oum and Seymour with Theorem 1.1,
we derive the following corollary.

COROLLARY 1'2(& kThere is an algorithm that, given an n-verter graph G and an
integer k, in time 22 S 02 either computes a (2%“‘1 —1)-expression of G or correctly
concludes that the cliquewidth of G is more than k.

The importance of cliquewidth is due to its algorithmic properties. Courcelle,
Makowsky, and Rotics in [14] identified a variation of MSO,, called MSOy,
and showed how to extend Courcelle’s theorem for MSO; to graphs of bounded
cliquewidth. Informally, MSQO; is the class of MSQO; formulas that allow
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quantification over subsets of vertices, but not of edges. While being less expressive
than MSO5, MSO; still captures a broad class of optimization problems on graphs,
including vertex cover, dominating set, domatic number for fixed k, k-colorability for
fixed k, partition into cliques for fixed k, clique, independent set, and induced path.
The meta-theorem of Courcelle, Makowsky, and Rotics [14] states that every MSO;-
definable problem on graphs is solvable in time f(k) - (n + m) when a k-expression
is provided with the input. The theorem of Courcelle, Makowsky, and Rotics applies
also to a more general class of problems, like optimization problems searching for sets
of vertices that are optimal concerning some linear evaluation function (for example,
a clique of the maximum weight) or counting [14, 15].

The applicability of the meta-theorem of Courcelle, Makowsky, and Rotics cru-
cially depends on the efficiency of computing the cliquewidth of a graph and con-
structing the corresponding k-expression. The only known way of constructing (an
approximately optimal) k-expression for cliquewidth, as well as for related graph pa-
rameters like NLC-width [44] or Boolean width [8], is by making use of rankwidth.
Combining Corollary 1.2 with the meta-theorem of Courcelle, Makowsky, and Rotics
[14] implies that every MSO;-definable problem is solvable in quadratic f(k) - n?
running time on graphs of cliquewidth at most k. This is the first improvement on
the time complexity of this meta-theorem since the f(k)-n? algorithm given by Oum
in 2005 [35, 33].

Ezact rankwidth. Oum [34] proved that the set of graphs having rankwidth at
most k is characterized by excluded vertex-minors with at most (65 —1)/5 vertices.
Thus for every k, there are only finitely many graphs, such that a graph G does not
contain any of them as a vertex-minor if and only if the rankwidth of G is at most
k, and this set of graphs is computable by exhaustive enumeration and brute-force
testing of the rankwidth. Courcelle and Oum [16] proved that for every fixed graph H,
the property that H is isomorphic to a vertex-minor of an input graph G is expressible
in a variant of MSO; that can be checked in time f(k)- (n+m) if a k-expression is
provided. Combined with Corollary 1.2, this implies the following.

COROLLARY 1.3. Deciding whether the rankwidth of a given n-vertex graph is at

most k can be done in time f(k)-n?.

The function f(k) in Corollary 1.3 is huge as it depends on the set of forbidden vertex-
minors as well as checking a generalization of MSQO;. Also this approach does not
provide the rank decomposition.

Jeong, Kim, and Oum [30] developed an alternative framework for computing
branch decompositions of finite-dimensional vector spaces over a fixed finite field. As
one of the applications of their methogl, they gave an FPT algorithm that for an input
graph G and integer k in time 22°*1)3 either constructs a rank decomposition of
width < k or concludes that the rankwidth of G is more than k. The algorithm of
Jeong, Kim, and Oum does not rely on vertex-minors and logic and can be seen as a
(very nontrivial) adaptation to vector spaces of the dynamic programming algorithm
of Bodlaender and Kloks for treewidth [4]. The cubic running time of their algorithm
is due to the application of iterative compression. However, if instead of iterative
compression we combine Theorem 1.1 with the dynamic programming algorithm of
Jeong, Kim, and Oum, we immediately obtain the following corollary.

COROLLARY 1.4. There is an algorithm that, given an n-vertex graph G and an

2
integer k, in time 22°“ 12 either constructs a rank decomposition of width at most
k or correctly concludes that the rankwidth of G is more than k.
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Branchwidth of graphs. As another application of the new algorithmic framework
for connectivity functions, we obtain a 2-approximation algorithm for branchwidth
of graphs. In this case, the connectivity function f is defined on the edge set E(G)
of a graph G. For A C E(G), f(A) is the number of vertices that are incident
to both A and E(G) \ A. The branchwidth of graphs is a “close relative” of the
treewidth: For every graph of branchwidth k, its treewidth is between k — 1 and
3k/2 — 1 [41]. Thus any c-approximation of treewidth is also a 3c¢/2-approximation
for branchwidth, and vice versa. It appears that in certain situations, branchwidth
could be more convenient to work with than treewidth, for example, when it comes
to some dynamic programming algorithms [9, 19, 21]. The previously best-known ap-
proximation of branchwidth of running time 2°®)n is a 3-approximation that follows
from the treewidth 2-approximation algorithm of Korhonen [32]. We improve this to
2-approximation.

THEOREM 1.5. There is an algorithm that, given an n-vertex graph G and an
integer k, in time 2°¥)n either computes a branch decomposition of G of width at
most 2k or correctly concludes that the branchwidth of G is more than k.

1.1. Previous work. An algorithm of running time O(n®*+'2logn) deciding
whether the branchwidth of a connectivity function is at most k was given by Oum [35].
Oum and Seymour gave a 3-approximation algorithm of running time O(n%§logn),
where § is the time for each evaluation of an “interpolation” of f [37] (see [37] for the
definition of “interpolation”).

Rankwidth was introduced by Oum and Seymour as a tool for FPT-approximation
of cliquewidth [37]. In particular, they defined rankwidth, showed that rankwidth
and cliquewidth are functionally equivalent parameters, and gave an O(8*n°logn)
time algorithm for outputting a rank decomposition of width at most 3k + 1 or con-
cluding that the rankwidth is more than k. For unbounded k, Fellows, Rosamond,
Rotics, and Szeider showed that cliquewidth is NP-complete [20], and Oum observed
that rankwidth is NP-complete [35]. Since the algorithm of Oum and Seymour, a
number of FPT exact and approximation algorithms were developed for rankwidth
[16, 28, 30, 35, 38, 37]; see Table 1 for an overview. The running times of all these
algorithms are at least cubic in n. The existence of an FPT-approximation in sub-
cubic time was widely open; see [36, Question 3]. Rankwidth 1 graphs are known as
distance-hereditary graphs [34]. There is a (nontrivial) linear time O(n + m) recog-
nition algorithm for distance-hereditary graphs [18]. To the best of our knowledge,

TABLE 1
Overview of rankwidth algorithms. Here k is the rankwidth and n is the number of vertices
of an input graph G. Unless otherwise specified, each of the algorithms outputs in O(TIME) a
decomposition of width given in the Approx column. The function h(k) is a huge function whose
bound depends on list of forbidden minors in matroids or vertex-minors in graphs and the length of
the logic formula describing such minors.

Reference Approx TIME Remarks
Oum and Seymour [37] 3k+1 85n%logn Works for connectivity functions
Oum [35] 3k+1 8knt
Oum [35] 3k —1 h(k)n3
Courcelle and Oum [16] exact h(k)n3 Does not provide decomposition
Hlineny and Oum [28] exact h(k)n3
2
Jeong, Kim, and Oum [30] exact 22003 Works for spaces over finite fields
This paper 2k 920" 2
2
This paper exact 920K 2 Our approximation + [30]
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already for rankwidth k = 2 no algorithm faster than O(n?®) was known. Algorithms
for computing the branchwidth of certain matroids were studied by Hlinény [26, 27].

Following the work of Courcelle, Makowsky, and Rotics [14], there is a lot of
literature on developing algorithms (FPT and XP) on graphs of bounded cliquewidth
[24, 25, 31, 39, 43]. The design of algorithms on rank decompositions [7, 22, 23] and
related graph parameters functionally equivalent to rankwidth like NLC-width [44]
and Boolean width [8] is also an active research area in graph algorithms. For each of
these width parameters, the only known way to compute the corresponding expression
or decomposition is through rank decompositions. By Theorem 1.1, the running times
of all FPT algorithms on graphs of k-cliquewidth, k-rankwidth, k-Boolean width, or
k-NLC width improve from f(k)-n? to f(k)-n?.

The branchwidth of a planar graph is computable in polynomial time, but in gen-
eral the problem is NP-hard [42]. Bodlaender and Thilikos in developed an algorithm
computing the branchwidth of a graph in time 20*"), [5].

As we already mentioned, the branchwidth of graphs is an invariant similar to
treewidth and within a constant factor of treewidth. By the seminal algorithm of
Bodlaender [2], deciding whether the treewidth of a graph is at most &k can be done in
time 2°**)p. There are several linear time FPT algorithms with single-exponential
dependence in k that reach a constant approximation ratio [3, 32]. Korhonen obtained
an algorithm that in time 2°(®)n computes a tree decomposition of width at most
2k + 1 or concludes that the treewidth of the graph is more than k [32]. When
it comes to branchwidth, the result of Korhonen is incomparable with Theorem 1.5.
Theorem 1.5 implies a 3-approximation for treewidth, which is worse than Korhonen’s
algorithm, while Korhonen’s algorithm yields a 3-approximation for branchwidth,
which is worse than Theorem 1.5.

Organization of the paper. We overview our framework for designing FPT 2-
approximation algorithms for computing branch decomposition in section 2, outlining
the main novel techniques. Section 3 contains definitions and simple facts about
branch decompositions and connectivity functions. In section 4 we develop the com-
binatorial tools of our framework which will be used in the next sections. Section 5 is
devoted to the algorithmic part of our framework. Section 6 implements our frame-
work for rankwidth, and section 7 for branchwidth of graphs.

2. Overview of our framework. Our framework for computing branch decom-
positions consists of two parts: the combinatorial and the algorithmic. We give an
overview first of the combinatorial part, then of the algorithmic part, and then we pro-
vide the specific applications for approximating rankwidth and branchwidth of graphs.

2.1. Combinatorial framework. Combinatorial results about how and when a
branch decomposition can be improved form the core of our framework. For a branch
decomposition (T, L) of a connectivity function f, we want to decide whether (7', L)
could be refined into a “better” branch decomposition (7”,L’). By better, we mean
the following. Let k be the width of (7, L) and h be the number of heavy edges of
T, that is, the edges e where f(e) is the width of (T, L). Then (7”,L’) is better than
(T, L) if the width of (T”,L’) is at most k and the number of edges of width k in 7’
is less than h.

Our central combinatorial insight is that if the width of (7', L) is more than 2bw(f),
then for any heavy edge e, there is a partition of V' into three sets (C1,Cs,C3) with
some particular properties, such that the quadruple (e,Ci,Cs,C3) can be used to
refine (7', L) into a better branch decomposition. We start first with explaining how
edge e and tripartition (C1, Co,C3) is used to refine (T, L).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/16/24 to 129.177.146.15 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1090 FEDOR V. FOMIN AND TUUKKA KORHONEN

Let (T, L) be a branch decomposition of a connectivity function f : 2V - L.
Let uwv be an edge of T and (C;,Cs,C3) be a tripartition of V' (one of the sets C;
could be empty). We denote by (T, L|¢;) the partial branch decomposition that has
the same tree T as (T, L), but the mapping L|¢, is a restriction of mapping L to
C;. (We say that a partial branch decomposition is a branch decomposition where the
labeling function L is only required to be an injection.)

The refinement (T, L") of (T, L) with (uv,Cy,C3,C3) is obtained by first taking the
partial branch decompositions (T3, L;) = (T, L[¢,) for each ¢ € {1,2,3}. Let u;v; be
the copy of the edge uv in T;. The partial branch decompositions (71, L;), (T2, La),
and (T3,Ls) are combined into a new partial branch decomposition by inserting a
new node w; on each edge u;v;, and then connecting the nodes wy, ws, and w3 to a
new center node t. Finally, the obtained partial branch decomposition is transformed
into a branch decomposition by iteratively pruning leaves that are not labeled and
suppressing degree-2 nodes. See Figure 1.

How do the widths of edges change after the refinement? First, note that if C;
is nonempty, then there will be an edge tw; € E(T") corresponding to a bipartition
(C;,C;) in the refinement; see Figure 2. (For X C V, we use X to denote V' \ X.)
Thus the width of the refinement will be at least f(C;). Let (W, W) be the bipartition
corresponding to the edge uv in 7. Then in the refinement there will be edges u;w;
and v;w; corresponding to bipartitions (C; N W,C; NW) and (C; N W,C; N W) for
each i, provided that they are nonempty. Therefore, the width of the refinement will

b Uy v
w v 2 Uy h
g us vs

f

FI1G. 1. An example of the refinement operation. A branch decomposition (T,L) on a set V =
{a,b,c,d,e, f,g,h} (top). For a tripartition (C1 = {a,b,g},C2 ={c,e, f},Cs = {d,h}), we have the
partial branch decompositions (T1,L1) = (T, Ll{a,g}), (T2,L2) = (T, Ll{c.e 1), and (T3,L3) =
(T, Ll{q,ny) (middle), and the refinement of (T, L) with (uv,C1,C2,C3) (bottom).
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CsN w U3 us CsnNW

CQﬁW

cinNWwW ConNW

Fic. 2. Changes of the width in a “neighborhood” of uv.

be at least max(f(C;NW), f(C;NW)). Our first result is that if f(uv) > 2bw(f), then
there exists a refinement that “locally improves” the branch decomposition around
the edge uv in the sense that the widths of all of the aforementioned edges of the
refinement are smaller than the width of the edge uv in T.

THEOREM 2.1. Let f:2V — Zsq be a connectivity function. If W CV is a set
with f(W) > 2bu(f), then there exists a tripartition (C1,C2,C3) of V' so that for each
i €{1,2,3} it holds that f(C;) < f(W)/2, f(C; NnW) < f(W), and f(C; NW) < f(W).

Theorem 2.1 will be proved in section 4 by considering a branch decomposition
T* of width bw(f) and showing that we can either take a bipartition (Cy,C1,0) of V
corresponding to an edge of T* or take a tripartition (Cy,Cs,C3) of V corresponding
to an internal node of T™*.

We call any tripartition (C7,Cs,C3) satisfying the conclusion of Theorem 2.1 for
a set W a W-improvement, signifying that the refinement operation with this tripar-
tition and the edge uv corresponding to (W, W) improves the branch decomposition
around the edge uv. However, we cannot guarantee that the new decomposition 7’
would be better than T'. The reason is that W-improvement can increase the widths
of edges deeper in (T;,L;). It is a nontrivial statement that the existence of a W-
improvement on a heavy edge implies the existence of a refinement that is better than
(T,L). The following theorem states this more formally.

THEOREM 2.2. Let f:2Y — Zsq be a connectivity function and (T, L) be a branch
decomposition of f of width k, having h > 1 edges of width k. Let uv be an edge of
(T, L) corresponding to a partition (W,W) and having width f(uv) = k. If there
exists a W-improvement, then there exists a W-improvement (Cq,C3,C3) such that
the refinement of (T, L) with (uv,C1,Co,C3) has width at most k and fewer than h
edges of width k.

The combination of Theorems 2.1 and 2.2 shows that when we consider a heavy
edge wv, we either prove that k = f(uv) < 2bw(f) (if there is no W-improvement,
then f(uv) < 2bw(f)), or that there exists a W-improvement that could be used to
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globally improve (T, L) by reducing the number of edges of width k. We refer to a W-
improvement (C7, Cs, C3) whose existence is guaranteed by Theorem 2.2 as a global T-
improvement . We stated Theorem 2.2 in a nonconstructive manner, but its proof gives
a constructive way of finding a global T-improvement. In particular, we show that a
global T-improvement can be found by selecting a W-improvement which optimizes
four explicit criteria over all W-improvements. More precisely, let (C1,C3,C3) be a
W-improvement. The first three conditions that (Cy,Cs,C3) optimizes are
(i) max{f(Cy), f(C2), f(C3)} is minimized;

(i) subject to (i), the number of nonempty sets C; in (Cy,Cs,C3) is minimized;

and

(ili) subject to (i) and (ii), f(C1) + f(C2) + f(C3) is minimized.

(In section 4 we refer to a W-improvements satisfying (i)—(iii) as a minimum W-
improvement.)

To state the fourth property we need the following definition. Let r =wuv € E(T)
be the edge of T corresponding to the partition (W,W). By slightly abusing the
notation, let us view r as the root of T. Then for every node w of T, we define
T, [w] as the set of leaves of the subtree of T rooted in w. We say that a tripartition
(C1,Ca,C3) intersects a node w € V(T) if T,.[w] contains elements from at least two
different sets C;. Now the fourth condition is

(iv) subject to (i), (ii), and (iii), (C1,Cs,Cs) intersects the minimum number of

nodes of T.

The main result of section 4 will be to show that any W-improvement satisfying
(i)—(iv) is a global T-improvement. The properties (i)—(iv) are very useful from an
algorithmic perspective: For several functions f, W-improvements with properties
(i)—(iv) can be computed by making use of dynamic programming over a branch
decomposition of f.

The combinatorial characterization of improving refinements brings us to the fol-
lowing generic algorithm for 2-approximating branchwidth. The algorithm repeatedly
takes a heavy edge uv corresponding to a partition (W, W). Then it checks if there
exists a W-improvement and, if not, concludes that (T',L) is a 2-approximation and
returns (7', L). If a W-improvement exists, the algorithm refines (7', L) using a global
T-improvement. In the next subsection we outline how to implement this generic
algorithm efficiently for branch decompositions that support efficient dynamic pro-
gramming for finding global T-improvements.

2.2. Algorithmic framework. In order to efficiently apply refinement oper-
ations to improve a branch decomposition, we need to find global T-improvements
efficiently. For this, the main idea is that finding a global T-improvement corre-
sponds to a partitioning problem, with the goal of finding a tripartition (Cy,Cs,C3)
of V satisfying the conditions of Theorem 2.1 and (i)—(iv). Such types of problems
can be solved efficiently on branch decompositions that support dynamic program-
ming, like rank decompositions or branch decompositions of graphs. The application
of a sequence of at most n refinement operations guarantees that the width of the
resulting decomposition would decrease by at least one. Thus starting with a branch
decomposition of width £ and repeatedly using dynamic programming to find a global
T-improvement in f(k)-n time would result in a total time complexity of f(k)-k-n?
to reduce the width down to 2bw(f). Of course, this is not sufficient to obtain our
applications. Let us recall that we target a linear time algorithm for the branchwidth
of graphs. For rankwidth, where we aim for a quadratic running time, we also have
to implement iterative compression, resulting in cubic running time.
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The algorithmic ingredient of our general framework strongly uses the combina-
torial properties of global T-improvements: It appears that refinements with global
T-improvements “interplay well” with dynamic programming. This allows us to im-
plement a sequence of refinement operations that reduces the width from & to k—1 in
a total of t(k)-29)n time, where t(k) is a function representing the time complexity
of dynamic programming on a single node of the branch decomposition. This part is
inspired by the amortization techniques from [32].

We exploit the fact that when we refine a branch decomposition (7, L) on an edge
uv, only some connected subtree of 7" around uwv changes. We call the nodes in this
connected subtree the edit set of the refinement operation. In particular, we show that
a refinement operation can be implemented by removing its edit set R and inserting a
connected subtree of |R| new nodes in its place. Then we define a potential function
¢ of a branch decomposition so that ¢(T, L) is initially bounded by 2°®*)n, where k
is the width of (7, L). We show that when refining with a global T-improvement, a
refinement operation with edit set R decreases ¢(T', L) by at least |R|, and therefore
the total sum of |R| across a series of refinement operations is bounded by 2°®*)n,

We exploit the bound on the sizes of edit sets by only recomputing the dynamic
programming tables of the nodes in the edit set and reusing the rest. We formalize the
notion of performing dynamic programming operations in time ¢(k) with a definition
of a “refinement data structure” in section 5.2. This leads to the following theorem.

THEOREM 2.3. Let f be a connectivity function for which there exists a refinement
data structure with time complexity t(k). There is an algorithm that, given a branch
decomposition (T,L) of f of width k, in time t(k) - 2°%)n either outputs a branch
decomposition of f of width at most k — 1 or correctly concludes that k < 2bw(f).

2.3. Applications.

Rankwidth. We show that for rank decompositions, the refinement data structure
from Theorem 2.3 can be implemented in ¢(k) = 927" time, yielding a 22°“y time
implementation of the algorithm in Theorem 2.3 for rankwidth. To obtain Theo-
rem 1.1, we then apply this algorithm with the technique of iterative compression of
Reed, Smith, and Vetta [40]; see also [17, Chapter 4]. In particular, by iteratively ob-
taining a rank decomposition of G of width <2rw(G) + 1 from a rank decomposition
of G\ {v} of width < 2rw(G\ {v}), and then applying Theorem 2.3 to decrease the
width or to prove that it is already within a factor of 2 from the optimum.

A crucial detail of this iterative compression and the implementation of Theo-
rem 2.3 for rankwidth is that we always maintain an augmented rank decomposition,
i.e., a rank decomposition that for each edge corresponding to a partition (A4, B) of
V(G) stores representatives of the twin classes of the bipartite graph G[A4, B]. In
particular, the implementation of Theorem 2.3 for rank decompositions requires an
augmented rank decomposition as an input and outputs an augmented rank decom-
position. The augmentation is required for implementing dynamic programming on
rank decompositions, and the reason for maintaining the augmentation throughout
the iterative compression is that we are not aware of any f(k)-n time algorithms for
making a given rank decomposition augmented. Instead, in every step of the itera-
tive compression we use a 2°*)n time algorithm for obtaining an augmented rank
decomposition of G from an augmented rank decomposition of G\ {v}.

Branchwidth of graphs. We show that for branch decompositions of graphs, the
refinement data structure from Theorem 2.3 can be implemented in t(k) = 2°%)
time, thus yielding a 2°(®)n time implementation of the algorithm for branchwidth
of graphs. By using a 2-approximation algorithm for treewidth with time complexity
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20(k)p [32] and converting the tree decomposition into a branch decomposition [41],
we can assume that we initially have a branch decomposition of width at most 3k,
where k is the branchwidth. We then obtain Theorem 1.5 by k applications of the
algorithm of Theorem 2.3. We note that this algorithm can be made more self-
contained, to only depend on the compression technique of Bodlaender [2] instead of
treewidth algorithms, by applying the compression technique of Bodlaender in the
same manner as it is applied in [3, 32].

3. Preliminaries. We denote the set of vertices of a graph G by V(G) and
the set of edges by E(G). For a vertex v of a graph G, we denote by Ng(v) the
neighborhood of v in G, and for a vertex set X, we let Ng(X) = U,cx Na(v) \ X.
We drop the subscript G when it is clear from the context. For a graph G and a
set X C V(G), we denote by G[X] the subgraph induced by X. Let v be a degree-2
vertex in G, with neighbors N(v) = {u,w}. The suppression of v deletes the vertex v
and edges incident to it and inserts the edge uw if it does not exist.

For a graph G and a pair A, B of disjoint subsets of V(G), G[A, B] is the bipartite
graph induced by edges between A and B and labeled with the bipartition (A, B).
The notation Mg[A, B] denotes the |A| x |B| 0-1 matrix representing G[A, B]. All
matrices in this paper are 0-1 matrices, and the GF(2) rank of matrix M is denoted
by rk(M).

A bipartition of a set V' is an ordered pair (X,Y) of disjoint sets such that X UY =
V. A tripartition of a set V is an ordered triple (X,Y,Z) of disjoint sets so that
XUY UZ=V. Note that in these definitions a partition can contain empty parts.
We say that a tripartition (X,Y,Z) of V intersects a set A C V if at least two of
X,Y, Z have a nonempty intersection with A.

Connectivity functions. Let V be a finite set and f : 2V — Zsq be a function.
The function f is submodular if

(3.1) FOUW)+fUNW) < fU)+ f(W)

for all UyW C V. For a set W C V, we denote W = V \ W. The function f is
symmetric if for every W C V., f(W) = f(W). Function f is a connectivity function if
(i) f is symmetric, (i) f is submodular, and (iii) f(0) =0.

We note that here the requirements that f(f)) =0 and f takes only nonnegative
values are actually not severe restrictions: For any function f:2" — 7Z satisfying (i)
and (ii), we can prove that f(()) < f(A) for any A CV by letting U = A and W = A in
(3.1), implying that the function f— f(() satisfies all (i), (ii), (iii) and is nonnegative.

We will need the following two observations about connectivity functions. In the
following, let f:2Y — Z>q be a connectivity function.

Observation 3.1. For any sequence of subsets Ay, ..., A, CV, it holds that f(AIN
o NAR)=f(A1U---UA,).

Proof. Note that A;N---NA,=A,U---UA,. 0

The following inequalities give bounds on a situation when a bipartition (B, B)
partitions a set A.

Observation 3.2. For any A, B CV, it holds that f(A) < f(ANB) + f(ANB) <
f(A)+2f(B).
Proof. For the first inequality, we have by submodularity

(3.2) f(A)=f((ANB)U(ANB)) < f(ANB)+ f(ANB) — f(0).
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For the second inequality, we have that

f(ANB) + f(ANB) <2f(A)+2f(B) — f(AUB) — f(AUB) (submodularity)
=2f(A)+2f(B)— f(ANB) — f(ANB) (Observation 3.1)
<2f(A)+2f(B)— f(A). (from (3.2)) O

Branch decompositions. A cubic tree is a tree where each node has degree 1 or 3.
A branch decomposition of a connectivity function f:2Y — Zsq is a pair (T, L), where
T is a cubic tree and L is a bijection mapping V to the leaves of T. If |V| <1, then
f admits no branch decomposition. Usually, by slightly abusing the notation, we will
treat the leaves of the branch decomposition as the elements of V', and thus denote a
branch decomposition by only the tree T instead of the pair (T, L).

Let e = uv € E(T) be an edge of a branch decomposition T. We denote by
T[uv] CV the set of leaves of T that are closer to the node u than to the node v, and
by T[vu] CV the set of leaves that are closer to v than . Hence (T'[uv], T[vu]) is the
bipartition of V' induced by the connected components of the forest T'\ {e} obtained
from T by deleting e. The width of an edge e =uv of T is f(e) = f(T[uwv]) = f(T[vu]),
and the width of a branch decomposition (T, L), denoted by bw (T, L), is the maximum
width of an edge. Finally, the branchwidth of f, denoted by bw(f), is the minimum
width of a branch decomposition of f.

Let r € E(T) be an edge of a branch decomposition 7. We introduce notation
with the intuition that 7" is rooted at the edge r. The r-subtree of a node w € V(T') is
the subtree of T induced by nodes x € V(T') such that w is on the unique = — r path
(including w). For any node w € V(T'), we denote by T,.[w] C V the set of leaves in
the r-subtree of w. Note that when r = uw, it holds that T).[u] = T[uv], T;.[v] = T[vu],
and for any w € V(T) it holds that either T;.[w] C T.[u] or T,.[w] C T.[v]. The r-parent
of a node w € V(T') \ {u,v} is the node next to w on the unique w — r path. If p is
the r-parent of w, then w is an r-child of p. Note that every nonleaf node has exactly
two r-children, and every leaf node has no r-children. A set X C V r-intersects a
node w € V(T) if X NT,[w] is nonempty. Similarly, a tripartition (C1,Cs,C3) of V
r-intersects a node w € V(T) if it intersects the set T} [w].

4. Combinatorial results. In this section we prove our combinatorial results.
Throughout the section we use the convention that f : 2V — Zs¢ is a connectivity
function.

4.1. Refinement operation. The central concept of our results is the refine-
ment operation. Before defining it, we need the definition of a partial branch decom-
position.

DEFINITION 4.1 (partial branch decomposition). A partial branch decomposition
on a set C is a pair (T, L), where T is a cubic tree and L is an injection from C to
the leaves of T'.

Let (T, L) be a branch decomposition of f, and let C; C V. We denote by (7', L|¢;)
the partial branch decomposition on the set C; obtained by restricting the mapping
L to only C;. Now we can define the refinement operation (see also Figure 1).

DEFINITION 4.2 (refinement). Let (T, L) be a branch decomposition, let uv € E(T)
an edge of T, and let (C1,C4a,Cs) be a tripartition of V. We define the refinement of
T with (uv,Cq,C2,C3) as the following branch decomposition.

For each i € {1,2,3}, let (T;,L;) = (T,L|¢,), and let u;v; be the copy of the
edge wv in T;. Now, let (T', L") be a partial branch decomposition on V obtained by
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first inserting a node w; on the edge u;v; of each T; (i.e., V(T;) «+ V(T;) U{w;} and
E(T;) «+ E(T;) U {uw;,w;v;} \ {u;v;}), then taking the disjoint union of (Th,L1),
(Ty, L), (T5,L3), and then inserting a node t adjacent to wy, wy, ws, connecting the
disjoint union into a tree. Finally, the refinement is obtained by simplifying (T', L) by
iteratively removing degree-1 nodes that are not labeled by L', and suppressing degree-2
nodes.

We observe that if 7" is a refinement of 7" with (r,C1, Ca, C3), then every edge of 7"
corresponds either to a bipartition (C;, C;) or to a bipartition (T, [w]NC;, T [w] N C;),
where w € V(T'). The following states this more formally.

Observation 4.3. Let T be a branch decomposition, let r € E(T), and let
(C1,C5,C3) be a tripartition of V. Let T’ be the refinement of T with (r,C1,Cs,Cs3).
It holds that

HT W), T W'} | un’ € E(T')}
= U (HG.GHU{T NG TRINCi} we VT)}) \ {0V}

i€{1,2,3}

Note that as a branch decomposition is a cubic tree, and no two edges correspond
to the same bipartition, i.e., the set {{T[uv],T[vu]} | uv € E(T)} has cardinality

|E(T)|.
4.2. Improving refinement. Now we provide the formal definitions and results

of our combinatorial framework, postponing the proofs to subsections 4.3 and 4.4.
First we define a W-improvement of a set W C V.

DEFINITION 4.4 (W-improvement). Let W C V. A tripartition (Cy,C2,C3) of V

is a W-improvement if for every i € {1,2,3},

o F(Ci) < f()]2;

o f(C;NW) < f(W); and

o f(CiNW)< f(W).
The width of a W-improvement is max{f(C1), f(C2), f(Cs)}, the sum-width of a
W -improvement is f(C1) + f(C2) + f(C3), and the arity of a W-improvement is the
number of nonempty parts in the partition.

Let us note that because of the condition f(C; NW) < f(W), we have that for every

i€4{1,2,3}, C; #V. Thus the arity of every W-improvement is always 2 or 3. Also,

W-improvements are symmetric in the sense that the ordering of the sets C,C5,C3

as well as replacing W by W does not change any properties of a W-improvement.
The following lemma is a restatement of Theorem 2.1.

LEMMA 4.5. If W C V such that f(W) > 2bw(f), then there exists a
W -improvement.

We postpone the proof of Lemma 4.5 to subsection 4.3.

If uv is an edge of a branch decomposition T' with (T[uv],T[vu]) = (W, W),
then refining with (uv,Cy,Cs,C3) where (C1,C3,C3) is a W-improvement “locally
improves” the branch decomposition around the edge uv in the sense that the widths of
the new edges corresponding to the edge uv will be of the forms f(C;NW) < f(W) and
f(C;NW) < f(W). Towards proving that the existence of a W-improvement implies
the existence of a W-improvement that globally improves the branch decomposition,
we define minimum W-improvements.

DEFINITION 4.6 (minimum W-improvement). For W C V a W-improvement
(C1,C5,C3) is a minimum W -improvement if
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(1) (C1,Cq,C3) is of minimum width among all W -improvements;
(2) subject to (1), (C1,Cq,C3) is of minimum arity; and
(3) subject to (1) and (2), (Cy,C2,C3) is of minimum sum-width.

Let wv =7 be an edge of a branch decomposition 7. Recall that for any node w
of T it holds that either T,.[w] C T[uv] or T;[w] C T[vu], and recall that by Obser-
vation 4.3, when refining with (uv,C1,Cs,C3), the edge corresponding to 7T;.[w] will
turn into edges corresponding to T [w]NCy, T [w]NCy, and T, [w]NCs5. The following
lemma shows that when refining with a minimum W-improvement, the width of a
branch decomposition does not increase.

LEMMA 4.7. Let W C V, and let (C1,C2,C3) be a minimum W -improvement.

Then for any set W' such that W CW or W CW and every i € {1,2,3}, it holds
that f(W'NC;) < f(W).

We postpone the proof of Lemma 4.7 to subsection 4.4.
Next we define the notion of global T-improvement, which will finally be the type
of improvement that we actually use to perform the refinement operation.

DEFINITION 4.8 (global T-improvement). Let T be a branch decomposition, and
let r=uv € E(T) be an edge of T. A T-improvement on r is a tuple (r,Cy,Cs,C3),
where W =T[wv], and (C1,Cq,Cs) is a minimum W -improvement. We say that a T-
improvement on r intersects a node w € V(T') if (C1, Ca, C3) r-intersects it, i.e., the set
T, [w] intersects at least two sets from {C1,C2,Cs}. A T-improvement (r,Cq,Ca,C3)
1s a global T-improvement if it intersects the minimum number of nodes of T among
all T-improvements on r.

The following theorem is our main combinatorial result. In particular, Theo-
rem 2.2 will be a straightforward application of it.

THEOREM 4.9. Let T be a branch decomposition, r € E(T) an edge of T, and
(r,C1,C4,Cs5) a global T-improvement. Then for every i € {1,2,3} and every node
w € V(T), it holds that f(T.[w)NC;) < f(T.|w]). Moreover, if T,[w] N C; # 0, then
J(T ] NC) = F(T,[w]) if and only if Tofw) € C.

We postpone the proof of Theorem 4.9 to subsection 4.4. Let us prove Theorem 2.2
using Theorem 4.9 and Observation 4.3.

THEOREM 2.2. Let f:2Y — Z>q be a connectivity function and (T, L) be a branch
decomposition of f of width k, having h > 1 edges of width k. Let uv be an edge of
(T, L) corresponding to a partition (W,W) and having width f(uv) = k. If there
exists a W-improvement, then there exists a W-improvement (Cq,C3,C3) such that
the refinement of (T, L) with (uv,C1,Co,C3) has width at most k and fewer than h
edges of width k.

Proof. Denote r = uv. Take a global T-improvement (r,C7,Cy,C3), which ex-
ists by the existence of a W-improvement. Let T’ be the refinement of T with
(r,C1,Co,C3). By Observation 4.3, each edge of T” corresponds to a bipartition
of the form (T,.[w] N C;, T,-[w] N C;), where w € V(T'), or of the form (C;,C;). Because
(C1,C4,C3) is a W-improvement, all edges of the form (C;, C;) have width less than
k/2. By the first part of Theorem 4.9, all edges of the form (T,.[w] N C;, T.[w] N C;)
have width at most f(7,[w]) <k, and therefore the width of 7" is at most k.

By the second part of Theorem 4.9, if T contains an edge corresponding to a
bipartition (T;[w] N C;, T, [w] N C;) with width k, then T,.[w] N C; = T,[w], and thus
an edge corresponding to the exact same bipartition also exists in 7. This gives an
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injective mapping from the edges of 7" of width k to edges of T of width k. It remains
to observe that by the definition of W-improvement, this mapping maps no edge of
T’ to the edge uv of T, and thus T” contains strictly fewer edges of width k than 7. O

4.3. Proof of Lemma 4.5. The idea of the proof of Lemma 4.5 is that we take
an optimal branch decomposition T* of f, i.e., a branch decomposition T* of width
bw(f) < f(W)/2, and argue that either the bipartition corresponding to some edge of
T* or the tripartition corresponding to some node of 7™ results in an W-improvement.

We define an orientation of a set C' C V' with respect to a set W C V. This will
be used for orienting the edges of the optimal branch decomposition based on W.

DEFINITION 4.10 (orientation). Let C,W C V. We say that the set W directly
orients C' if f(CNW) < fF(CNW) and fF(CNW) < f(CNW). The set W inversely
orients C if it directly orients C. The set W disorients C if it neither directly nor
inversely orients C.

Note that the definition of orienting is symmetric with respect to complementing
W, i.e., W (directly, inversely, dis)-orients C' if and only if W (directly, inversely, dis)-
orients C'. Next we show that if there is an edge of an optimal branch decomposition
that cannot be oriented according to Definition 4.10, then it corresponds to a W-
improvement.

LEmMMA 4.11. Let C,W C V. If W disorients C and f(C) < f(W)/2, then
(C,C,0) is a W-improvement.

Proof. By possibly interchanging C' with C, without loss of generality we can
assume that f(CNW) < f(CNW) and f(CNW) > f(CNW). Since we have
f(C)=f(C) < f(W)/2, to show that (C,C,0) is a W-improvement, it suffices to prove
that f(C N W) < f(W) and f(C N W) < f(W). Assume, by way of contradiction,
that f(CNW) > f(W). Then by the submodularity of f, f(CUW) < f(C), hence
f(CNW) < f(C). Therefore, f(CNW)+ f(CNW) < 2f(C) < f(W). But this
contradicts Observation 3.2. The proof of f(CNW) < f(W) is symmetric. ad

Now, to prove Lemma 4.5, we take an optimal branch decomposition 7% of f and
orient each edge uv with (T*[uv],T*[vu]) = (C,C) towards v if W directly orients
C' and towards u if W inversely orients C. If no orientation can be found, then
Lemma 4.11 shows that (C,C,0) is a W-improvement and we are done.

LEMMA 4.12. No edge of T™ is oriented towards a leaf.

Proof. Suppose there is an edge of T* oriented towards a leaf v € V. This means
that W directly orients V' \ {v}, implying that f(W \ {v}) < f(W N {v}) and that
WA\ {v}) < f(W N {v}). However, one of the sets W N {v} or W N {v} must be
empty and therefore either f(W N {v}) =0 or f(W N {v}) =0, but f cannot take
values less than 0, so we get a contradiction. ]

Now, by walking in 7™ according to the orientation, we end up finding an internal
node towards which all incident edges are oriented. In particular, the internal node
corresponds to a tripartition (Cp,Cs,C3) of V, so that f(C;) < f(W)/2 for all i €
{1,2,3} (as the width of T* is < f(W)/2), and W directly orients each C;. The
following lemma shows that this node indeed gives a W-improvement, and therefore
completes the proof of Lemma 4.5.

LEMMA 4.13. Let W CV, and let (Cy,C5,C3) be a tripartition of V' such that for
each i € {1,2,3}, f(C;) < f(W)/2 and W directly orients C;. Then (C1,Cs,C5) is a

W -improvement.
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Proof. Since W directly orients C;, we have that f(C; N W) < f(C; N W). By
Observation 3.2, f(C; N W) + f(C; N W) < f(W) + 2f(C;). Therefore, we have
F(C;nW) < fF(W) /24 f(C;) < f(W). The proof that f(C;NW) < f(W) is similar. O

4.4. Proofs of Lemma 4.7 and Theorem 4.9. Let (C},C5,C3) be a minimum
W-improvement for a set W C V. The main idea behind the proofs of Lemma 4.7
and Theorem 4.9 is that if f(W' N Cy) > f(W’) for some W C W or W' C W,
then we prove that (C7,C%,C%) = (CL UW’',Cy \ W/, C5 \ W) is also a minimum
W-improvement (and symmetrically for Cy and C3). In particular, this will be used
to contradict the minimality of (Cq,Cs,Cs) or the fact that (r,C1,C2,C3) is a global
T-improvement.

The proof is different for minimum W-improvements of arity 2 and of 3. The
following lemma will be used in both cases, in particular, it will be useful for arguing
that a set C] = C1 UW’ satisfies the condition f(C1NW) < f(W) of W-improvements.

LEMMA 4.14. Let W C V, and let (Cy,C2,C3) be a W-improvement. Suppose
that for some W' CW, f(C.ynNW') > f(W'). Then f((CLUW')NW) < f(W).

Proof. Because W’ C W, we have that

FCLUW )Y NW) = f(W U (CLNW)).

Then
FW' U (CL W) < f(W)+ F(CLnW) = fF(W' N (C;NW))  (submodularity)
=fW)+ f(CinW) — fF(W'NCh) (by W' CW)
gf(cl QW) <f(W)7

where the last line follows from the assumption f(Cy NW’) > f(W’) and the definition
of W-improvement. 0

Note that by the symmetry of W-improvements, Lemma 4.14 holds also when
replacing C; by Cy or Cs, and also for W/ CW.

4.4.1. W-improvements of arity 2. The following lemma completes the proof
of Lemma 4.7 for W-improvements of arity 2 (note symmetry). It also sets up the
proof of Theorem 4.9 for W-improvements of arity 2, which will be completed in
subsection 4.4.3.

LEMMA 4.15. Let W/ CW CV, and let (C,C,0) be a minimum W -improvement.
Then f(CNW') < f(W'), and, moreover, if the equality f(CNW') = f(W') holds,
then (CUW',C\ W' () is also a minimum W -improvement.

Proof. Let (C,C,0) be a minimum W-improvement and suppose that for some
W' CW we have f(CNW') > f(W’). To prove the lemma, we first show that in this
case (C',C",0)=(CUW',C'\ W’ 0) is also a W-improvement.

Let us check that (C’,C7,()) satisfies all the conditions of a W-improvement.

First, by f(CNW') > f(W’') and submodularity of f, we have that

(4.1) F@)=f(C) = F(CUW') < f(C) < f(W)/2.

_ Then by W/ CW we have that f(C'NW)=f(CNW)< f(W) and that f(C" N
W)= f(C N W)<f(W). By Lemma 4.14, we have f(C'NW) < f(W). Finally,
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FCNW)=f(C'"UW)=f(CUW')U(CUW)) (Obs. 3.1)
<f(CUW)+ f(CUW) — F((CUW'YN(CUW)) (submodularlty)
=f(CUW')+ f(CUW) = f(C) (W' cw)

<f(C)+ F(CNW) = f(C) < fF(W). (Obs 3.1 4 (4.1))

This completes the proof that (C’,C”,0) is a W-improvement.

Now, if f(CNW') > f(W'), then by the submodularity of f, we would get
f(C") = fF(CUW') < f(C). But this contradicts the minimality of (C,C,0). If
fCn W) = f(W’), then f(C') < f(C). In this case, since (C’,C",0) is a W-
improvement and (C,C, ) is a minimum W-improvement, we conclude that (C’,C”, ()
is also a minimum W-improvement . 0

Note again that due to symmetry of W-improvements, Lemma 4.15 holds also
when swapping the roles of C' and C' and for W’ C W.

4.4.2. W-improvements of arity 3. For W-improvements of arity 3, we will
heavily exploit the minimality of arity, i.e., the condition on minimum W-improvements
that there should be no W-improvement with smaller or equal width and with smaller
arity. We proceed with a sequence of auxiliary lemmas establishing properties of min-
imum W-improvements of arity 3.

LEMMA 4.16. Let (Cy,C2,C3) be a minimum W -improvement of arity 3. Then
for every i € {1,2,3}, W directly orients C;.

Proof. If W disorients C;, then by Lemma 4.11, (C;,C;,0)
contradicting the minimality of (Cy,C5,C3). On the othe hand, W cannot inversely
orient C;. Indeed, the assumption f(W N C;) > f(W N él) and f(W N C;) >
f(W N C,) yields that f(WNC;) < f(W) and f(WNC;) < f(W) by the fact that
(C1,Cy,Cs3) is a W-improvement. In this case, again, (C;, C;,0) is a W-improvement
contradicting the minimality of (C7,Cs,Cs). d

is a W-improvement

LEMMA 4.17. Let (Cy,C2,C3) be a minimum W -improvement of arity 3. Then
for every i € {1,2,3} it holds that f(WUC;) > f(W)/2 and f(WUC;) > f(W)/2.

Proof. By Lemma 4.16, W directly orients C;. Hence f(W NC;) < f(W N C;).
By Observation 3.2, f(W) = f(W) < f(W N C;) + f(WnNC;). Therefore, we
get fWUC;) = fWNC;) > f(W)/2. The proof of f(WUC;) > f(W)/2 is
symmetric. ]

The following lemma shows that any set C; in a minimum W-improvement cannot
be easily “separated,” in some sense, from any set C; U (W N C}).

LEMMA 4.18. Let (C1,C5,C3) be a minimum W -improvement of arity 3. Then
for every set P and i,j € {1,2,3} such that C; C P C C; U(W NC}), it holds that
f(P) = f(Cy).

Proof. For i =j the lemma is trivial. For ¢ # j, without loss of generality, we can
assume that ¢ =1 and j = 2. Aiming towards a contradiction, let us assume that for
some P with C; C P C C; U (W N Cy) it holds that f(P) < f(Cy). We claim that
then (C1,C%,C%) = (P,C2 \ P,C3) is a W-improvement contradicting the minimality
of (01702, Cg)

First, by our assumption, f(C7) = f(P) < f(Cy) < f(W)/2. To verify that
f(C3) = f(C2\ P) = f(C2n P) < f(Cs), first note f(CoUP) = f(C2UCs) = f(Ch).
Then by the submodularity of f,
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f(C2NP) + f(C1) = f(C2NP) + f(C2UP) < f(Cy) + f(P).

By our assumption, f(P) < f(Cy). Thus f(C%) = f(CaNP) < f(Cy). As C% = Cs, we
also have f(C%) = f(Cs).

It remains to show that f(C/NW) < f(W) and f(C!NW) < f(W) for all
i€{1,2,3}. Again, for i =3 this is trivial as C% = Cs.

Because P C C1U(WNCy), we have that C;NW = C;NW and C4NW = ConNW.
Thus f(C!NW) < f(W) for all 4.

To prove that f(PNW) < f(W), first observe that PUW = C; UW. Then by
Lemma 4.17,

fFPUW)=f(CLUW) > f(W)/2.
By the submodularity of f,
f(POW) + f(PUW) < f(P)+ f(W).

Since f(P) < f(C1) < f(W)/2, we have that f(CiNW)=f(PNW) < f(W).
Similarly, to prove that f(C,NW) < f(W), we note that C45 UW = Cy UW. Then
by Lemma 4.17, f(C, UW) > f(W)/2. We have already proved that f(C}) < f(Cs).
Then by making use of the submodularity of f, we have that
W) fw)

—5 + f(CENW) < F(CENW) + F(CEUW) < F(CH) + (W) < 5 + f(W).

This concludes the proof that (C7, C%, C%) is a W-improvement. Finally, the width
of (C1,C4,CY%) is at most the width of (Cy,C2,C3), but its sum-width is strictly less.
This contradicts the minimality of (Cy,Cs, Cs). d

The following lemma with Lemma 4.15 complete the proof of Lemma 4.7 (note
symmetry). It also sets up the proof of Theorem 4.9 for W-improvements of arity 3,
which will be completed in subsection 4.4.3.

LEMMA 4.19. Let (C1,C5,C3) be a minimum W -improvement of arity 3. Then
for every W CW, f(C;NW) < f(W'). Moreover, if the equality holds, then (Cq U
W', Co \ W' ,C3\ W') is also a minimum W -improvement.

Proof. Let W/ C W, and let (C1,Co,C3) be a minimum W-improvement of arity
3 and assume f(C1NW') > f(W'). We define (C},C%,C%) = (CLUW', Co\W, C5\W").
First we will prove that (C7,C%,C%) is a W-improvement.

We start by showing that f(C!) < f(C;) for all i. The inequality

(4.2) F(C) = f(CLuW) < f(Ch)

follows directly from our assumption and the submodularity of f. Moreover, (4.2)
turns into an equality only if f(CyNW') = f(W').
To prove that

(4.3) F(C3) < f(Ca),

we do the following;:

< f(Cy) + fF(CLUW') — f(Can (CLUW)) (submodularity)

< f(C2) + f(C1) = f(C2 N (CLUW)) (by (4.2))

= f(CQ) + f(Cl) — f(Cl U (03 N W’)) < f(OQ) (Lemma 418)
The proof of f(C%) < f(C3) is symmetric.
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Next we prove that f(C;NW) < f(W) and that f(C;NW) < f(W). First, note
that for each 7 € {1,2,3}, C/NW = C; NW. So the cases with W are trivial. The
inequality f(CiNW) < f(W ) is proved in Lemma 4.14.

The bound on f(Cy N W) follows from the following chain of inequalities:

FCoNW)=f(ConW' NW) = f(CoUW' UW) (Observation 3.1)
< f(CoUW')+ F(W) = F((CoUW')NW) (submodularity)
— J(Co N TP) + (W) = f(Ca TT) (by W C W)
=f(ConW') + f(W) — f(Co UW) (Observation 3.1)
<f(CANW)+ f(W) = f(W)/2=f(C3) + f(W)/2  (Lemma 4.17)
<f(Co) + f(W)/2< f(W). (by (4.3))

The proof of f(C{, N W) < f(W) is symmetric. This completes the proof that
(C1,C4,C%) is a W-improvement with f(C}) < f(C;) for all i.

Now, if f(C; N W’') > f(W'), then f(C}) < f(Cy) and (C7,C%,C%) contra-
dicts the minimality of (C1,C9,Cs). If f(Cy N W') = f(W'), then (C1,C%,C%)
has the same width and the sum-width as (Cp,Cs,C3), which is a minimum W-
improvement. Thus in the case of f(C1NW') = f(W’), (C1,C%,C%) is also a minimum
W -improvement. 0

4.4.3. Completing the proof of Theorem 4.9. The following lemma is just
Lemmas 4.15 and 4.19 put together.

LEMMA 4.20. Let (C1,Co,C3) be a minimum W -improvement. Then for every
W' C W it holds that f(C1 NW') < f(W'). Moreover, if the equality holds, then
(CLUW' , Co \ W', C5 \ W) is also a minimum W -improvement.

As discussed above, the first part of Lemma 4.20 directly gives Lemma 4.7 by the
symmetry of W-improvements. Next we prove Theorem 4.9 by using also the second
part of Lemma 4.20.

THEOREM 4.9. Let T be a branch decomposition, r € E(T) an edge of T, and
(r,C1,Cq,C3) a global T-improvement. Then for every i € {1,2,3} and every node
w € V(T), it holds that f(T.[w)NC;) < f(T.|w]). Moreover, if T,[w] N C; # 0, then
f(T-w]NC;) = f(T[w)]) if and only if T.[w] C C;.

Proof. The first part follows from combining the fact that either T).[w] C T'[uv] or
T, [w] C T'[vu] with Lemma 4.7.

To prove the second part, suppose that for some node w € V(T') it holds that
T JwlnCy # 0, Trlw] € Cy, and f(T.[w] N Cy) = f(Tr|w]). Take a tripartition
(C1,C4,C%) = (CL U T [w], Co\ T [w], Cs\T\-[w]). By Lemma 4.20, this tripartition is a
minimum W-improvement. We argue that this minimum W-improvement contradicts
the fact that (r,Cy,Ca,Cs) is a global T-improvement by showing that it r-intersects
fewer nodes of T' than (r,Cy,Cs,Cs3).

The W-improvement (Cy,Cq,C5) r-intersects the node w but (Cf,C4, C%) does
not, so it suffices to prove the implication that if (Cy,Cq,C5) does not r-intersect a
node w’ € V(T), then (C}, C%,C%) does not r-intersect w’.

As both T,.[w] and T,.[w'] represent leaves of r-subtrees of T', it follows that either
T, [w'] CT.[w], Tr|lw] CT.[w'], or T,.[w] and T,.[w'] are disjoint. If T,-[w'] C T;.[w], then
(C1,C4,C%) does not r-intersect w’. If T,[w] C T,.[w'], then because (C1,C2,Cs)
r-intersects w, it also r-intersects w’. If T.[w'] and T,.[w] are disjoint, then the
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intersections of (C1, C4, C%) with T,.[w’] are the same as the intersections of (C1, Cs, C3)
with T,.[w'], so w’ r-intersects (C1,C%,C%) if and only if it r-intersects (C1,Ca,C3). O

5. Algorithmic properties of refinement. In this section we present our algo-
rithmic framework for designing fast FPT 2-approximation algorithms for computing
branch decompositions. In particular, we show that a sequence of refinement opera-
tions decreasing the width of a branch decomposition from %k to k — 1 or concluding
k < 2bu(f) can be implemented in time (k) - 2°®) . n for connectivity functions f
whose branch decompositions support dynamic programming with time complexity
t(k) per node. That is, we prove Theorem 2.3. The concrete implementation of this
framework for rankwidth, with ¢(k) = 220(16)7 is provided in section 6 and for graph
branchwidth, with (k) = 2°®)  in section 7.

5.1. Amortized analysis of refinement. A naive implementation of the re-
finement operation (see Definition 4.2) would use 2(n) time on each refinement, which
would result in the time complexity of Q(n?) over the course of n refinements. In this
section we show that the refinement operations can be implemented so that over any
sequence of refinement operations using global T-improvements on a branch decom-
position of width at most k, the total work done in refining the branch decomposition
amortizes to 20F)p,

The efficient implementation of refinements is based on the notion of the edit
set of a global T-improvement. Informally, the edit set corresponding to a global T-
improvement (r,Cy,Cs,C3) are the nodes of the subtree of T' obtained after pruning
all subtrees whose leaves are entirely from one of the sets C;. We state this formally
as follows.

DEFINITION 5.1 (edit set). Let T be a branch decomposition, let r € E(T'), and let
(r,C1,Cq,C3) be a global T-improvement. We say that the edit set of (r,C1,Ca,Cs3)
is the set RCV(T) of nodes of T that r-intersect (C1,C2,Cs), i.e.,

R={weV(T)|T,|w] intersects at least two sets from {C1,C2,C3}}.

Note that for a global T-improvement (uv,Cy,Cs,C3), both v and v are necessar-
ily in the edit set. We formalize the intuition about edit sets in the following lemma.
It will be implicitly used in many of our arguments.

LEMMA 5.2. Let T be a branch decomposition, r = uv € E(T), (r,C1,C5,C3) a
global T-improvement, R the edit set of (r,C1,C3,C3), and T' the refinement of T
with (r,C1,Ca,C3). It holds that

(1) every node in R is nonleaf;

(2) the nodes of R induce a connected subtree T[R] of T; and

(3) there exists an edge r' € E(T") so that for every w € V(T)\ R there is a node

w' e V(T') with T, [w] =T, [w'].

Proof. For (1), the set T,.[w] of a leaf w consists of one element. Thus w does
not r-intersect (C1,Cq,Cs5). For (2), first note that {u,v} C R. Then consider a node
w € R\ {u,v}, and let p be the r-parent of w. It holds that T,.[w] C T,[p], so p must
also be in R.

For (3), observe that by the definition of edit set for every node w € V(T) \ R
it holds that T,[w] C C; for some i. This implies that the r-subtree of w appears
identically in 77, and therefore T” consists of the r-subtrees of all w € Np(R) and a
connected subtree inserted in the place of R and connected to Nr(R). As {u,v} C |R|,
this inserted subtree contains at least one edge, which we can designate as 7’. |
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Next we define the neighbor partition of an edit set R.

DEFINITION 5.3 (neighbor partition). Let (r,Cy,Co,C3) be a global T-
improvement and R its edit set. The neighbor partition of R is the partition (N1, Na,
N3) of the neighbors Nr(R) of R, where N; ={w € Np(R) | T, [w] C C;}.

Note that the neighbor partition is indeed a partition of Ny (R) by the definition
of edit set.

Next we give an algorithm for performing the refinement operation in O(|R|)
time, given the edit set R and its neighbor partition.

LEMMA 5.4. Let T be a branch decomposition, let r = uv € E(T), and let
(r,C1,Cq,Cs3) be a global T-improvement. Given the edit set R of (r,C1,Cq,C3) and
the neighbor partition (N1,Na, N3) of R, T can be turned into the refinement of T
with (r,C1,Cq,C3) in O(|R]) time.

Proof. We create three copies Ty, To, T3 of the induced subtree T'[R]. We denote
the copy of a vertex € R in T; by z;, and denote R; = {z; | x € R}. To each T;
we also insert a new node w; on the edge u,v;, ie., let V(T;) + V(T;) U{w;} and
E(T;) < E(T;) \ {uv; } U{u;w;, w;v; }. We then insert a new center node ¢ and connect
each w; to it.

For each node y € N;, let p € R be the r-parent of y. We remove the edge yp and
insert the edge yp;. It remains to remove all nodes of R, and then iteratively remove
degree-1 nodes and suppress degree-2 nodes in R; U R U R3 U {t, w1y, ws,ws}.

For the time complexity, these operations can be done in time linear in |R| +
|R1| + |Rz2| + |Rs| + |N1| + |N2| 4+ |N3| = O(|R|) because T is represented as an
adjacency list and the maximum degree of T is 3. ]

The outline of the refinement operation in our framework is that the dynamic
programming outputs the edit set R and its neighbor partition in O(t(k)|R|) time,
then the algorithm of Lemma 5.4 computes the refinement in O(|R|) time, and then
the dynamic programming tables of the |R| new nodes are computed in O(t(k)|R|)
time, making use of the previous dynamic programming tables of the nodes not in
the edit set, which are preserved throughout the refinement operation. To bound the
sum of the sizes of the edit sets R over the course of the algorithm, we introduce the
following potential function.

DEFINITION 5.5 (k-potential). Let T be a branch decomposition of function f.
The k-potential of T is

ou(T)= 3 fle) 3"+ 3 3f(e) 37
e€E(T) ecE(T)
fle)<k fle)zk

When working with k-potentials, we will use the following notation. For = >0, let
- 37 if <k,
ok () _{ 3x-3% otherwise.
For W C V, we will use ¢ (W) to denote ¢r(f(W)). With this notation, the k-
potential of T is
ox(T)= Y on(T[uv).
wveE(T)

Note that for any k, the k-potential of a branch decomposition T is at most
O3> Mow(T)|E(T)|), which is 2°")n when bw(T) = O(k).
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Next we show that performing a refinement operation with an edit set R decreases
the k-potential by at least |R|.

LEMMA 5.6. Let T be a branch decomposition with an edge r =uv € E(T) so that
fuv)=vu(T)=k. Let (r,Cy,Cs,C3) be a global T-improvement, R be the edit set of
(r,C1,C4,Cs5), and T’ be the refinement of T with (r,Cy,Cs,Cs). Then it holds that
ou(T") < (1) — |R|.

Proof. We use the notation that W = T'[uv]|. Note that
(5.1) ox(T) = i (k) + > ¢x (T [w])

we(V(T)\{w,v})

and that by Observation 4.3

(5:2) o(T)= (¢k(ci)+ > ¢k(ciﬂTr[’w])>-

i€{1,2,3} weV(T)

Then

Oh(T) — du(T) = du(T) — > <¢k(C’¢)+ > ¢k(C¢ﬂTr[w]))

i€{1,2,3} weV(T)

>on(T)— ) (m(ci) +(CiNW) + ¢ (C; N W)

i€{1,2,3}

T m(cmme),

we(V(T)\{w,v})

where the last line is obtained by taking C; N T,.[u] = C;NW and C; N T,.[v] = C; "W
out of the sum.

By the definition of W-improvement, we have that ¢5(C;) < ¢ ((k —1)/2) and
o (C;NW) < ¢ (k —1). Then by interleaving the sums (5.1) and (5.2), we have that
o (T) — ¢ (T") is at least

ok (k) — 3¢n((k —1)/2) — 61 (k — 1)

I 3 (@(Tr[w])— > m(CmTr[w])).

we(V(T)\{u,v}) i€{1,2,3}

By simplifying ¢y (k) — 3¢ ((k —1)/2) — 6¢1(k — 1) >3- 3%, we lower bound the latter
by

3-3% + > ((i)k(Tr[w])— > QSk(C’iﬂTr[w])).

we(V(T)\{u,v}) i€{1,2,3}

Let us note that for w & R, ¢p(Tr[w]) = > ey 2,33 9x(Ci N T [w]) because T [w] is
a subset of some C; and ¢ () = 0. Also by Theorem 4.9, for any node w in the
edit set and every i it holds that f(T,[w]NC;) < f(Tr[w]). By making use of these
observations, we conclude that

Oh(T) = du(T) 22+ Y S (Trw]) = Y m(cmTr[w]))zm. 0

we(R\{u,v}) i€{1,2,3}
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In particular, when performing a sequence of refinement operations with global
T-improvements on edges r of width f(r) = bw(T) = k, the sum of the sizes of edit
sets across all of the operations is at most O(3¥ - k- |E(T)]).

5.2. Refinement data structure. We define a refinement data structure to
formally capture what is required from the underlying dynamic programming in our
framework.

DEFINITION 5.7 (refinement data structure). Let f be a connectivity function. A
refinement data structure of f with time complexity t(k) maintains a branch decom-
position T of f with bw(T) < k rooted on an edge r = uv € E(T) and supports the
following operations:

1. Init(T, wv): Given a branch decomposition T of f with bw(T) < k and an
edge wv € E(T), initialize the data structure in O(t(k)|V(T)|) time.
2. Move(vw): Mowve the root edge r =wuv to an incident edge vw, i.e., set r < vw.
Runs in O(t(k)) time.

. Width(): Return f(uv) in O(t(k)) time.

4. CanRefine(): Returns true if there exists a W -improvement where W = T'[uv]
and false otherwise. Runs in time O(t(k)). Once CanRefine() has returned
true, the following can be invoked:

(a) EditSet(): Let (r,Ci1,Ca,Cs) be a global T-improvement, R the edit set of
(r,C1,Ca,Cs3), and (N1, N2, N3) the neighbor partition of R. Returns R
and (N1, N2, N3). Runs in O(t(k)|R|) time.

(b) Refine(R, (N1, Na, N3)): Implements the refinement operation described
in Lemma 5.4. That is, computes the refinement of T by removing the
edit set R and inserting a connected subtree of |R| nodes in its place. Sets
r to an arbitrary edge between two newly inserted nodes (such an edge
exists because |R| >2). Runs in O(t(k)|R|) time.

5. Output(): Outputs T in O(t(k)|V(T)|) time.

We explain how our algorithm uses the refinement data structure in subsection 5.3.
Let us here informally explain how the refinement data structure is typically imple-
mented using dynamic programming. The formal descriptions for rankwidth and
graph branchwidth constitute sections 6 and 7.

For each node w of T, the refinement data structure stores a dynamic program-
ming table of size O(t(k)) that represents information of the r-subtree of w in such a
way that the dynamic programming tables of the nodes v and v combined together
can be used to detect the existence of a W-improvement on W = T[uv]. Now, the
Init(T, wv) operation is to compute these dynamic programming tables in a bottom-
up fashion for all nodes from the leaves towards the root uv, using O(t(k)) time per
node. The Move(vw) operation changes the root edge uv to an incident edge vw. For
implementing Move(vw), we observe the following useful property.

w

Observation 5.8. Let T be a branch decomposition, r =wuv € E(T) an edge of T,
and ' =vw € E(T) another edge of T. For all nodes x € V(T) \ {v}, the r-subtree of
x is the same as the r’-subtree of x.

In particular, as the dynamic programming table of a node depends only on its
r-subtree, it suffices to recompute only the dynamic programming table of the node
v in O(t(k)) time when using Move(vw). The Width() operation is typically imple-
mented without dynamic programming, using some other auxiliary data structure.
The CanRefine() operation is implemented by combining the information of the dy-
namic programming tables of u and v in an appropriate way. Then the EditSet()
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operation is implemented by tracing the dynamic programming backwards, working
with a representation of the global T-improvement (r,C4,Cy,C3) that allows for ef-
ficiently determining whether C; and T,.[w] intersect. The Refine(R, (N, Na, N3))
operation is a direct application of Lemma 5.4 followed by computing the dynamic
programming tables of the |R| new nodes inserted by Lemma 5.4 in O(¢(k)|R]) time,
and possibly also updating other auxiliary data structures. The implementation of
Output() is typically straightforward, as it just amounts to outputting the branch
decomposition that the data structure has been maintaining.

5.3. General algorithm. We present a general algorithm that uses the refine-
ment data structure to either improve the width of a given branch decomposition
from k to k — 1 or conclude that it is already a 2-approximation, and runs in time
t(k)2°®)n, where t(k) is the time complexity of the refinement data structure.

Our algorithm is described as a pseudocode in Algorithm 5.1. The algorithm is
a depth-first search on the given branch decomposition T, where whenever we return
from a subtree via an edge uv of width f(uv) =k, we check if there exists a global
T-improvement (uv,Cy,Cs,C3). If there is no such global T-improvement, then we
conclude that T is already a 2-approximation. If there is such a global T-improvement,
then we refine 7" using it. We need to be careful to proceed so that the refinement
does not break invariants of depth-first search, and the extra work caused by refining
with an edit set R can be bounded by O(t(k)|R|).

Let us explain how Algorithm 5.1 is implemented with the refinement data struc-
ture. We always maintain that the root edge uv in the refinement data structure
corresponds to the edge wv in Algorithm 5.1. We start by calling Init(7', uv) after
line 7. In the cases of line 9 and line 15 the edge uv is changed to an adjacent edge
vw, which is done by the Move(vw) operation. The edge uwv is changed also after the
refinement operation. There we can move to the appropriate edge with |R| Move(vw)
operations. Now that the edge uv of Algorithm 5.1 corresponds to the edge uv of
the refinement data structure, all nonelementary operations of Algorithm 5.1 can be
performed with the refinement data structure. In particular, checking f(uv) on line
13 is done by Width(), line 22 corresponds to CanRefine(), and line 26 corresponds
to EditSet() and Refine(). The returned edit set is also used to determine the node v
on line 24.

The rest of this section is devoted to proving the correctness and the time com-
plexity of Algorithm 5.1. The next lemma shows that adding the refinement operation
does not significantly change the properties of depth-first search and provides the key
argument for proving the correctness.

LEMMA 5.9. Algorithm 5.1 maintains the invariant that the nodes with state open
form a path wy,...,w; in T, where | > 2, wy =s, w1 =v, and w; = u.

Proof. This invariant is satisfied at the beginning of the algorithm. There are
three cases in the if-else structure that do not terminate the algorithm and alter u, v,
or the states, i.e., the cases of line 9, line 15, and line 22. The case of line 9 maintains
the invariant by extending the path by one node. The case of line 15 maintains the
invariant by removing the last node of the path. In the case of line 22, recall that
both u and v are in the edit set R and the edit set is a connected subtree of T', so the
refinement removes some suffix wj, ..., w; of the path. Together with the fact that w;
is a leaf and thus w; ¢ R (see Lemma 5.2), this implies that the node v' determined
in line 24 must be the node w;_; of the path. Finally, the path is extended by one
node in lines 28-31. O
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Algorithm 5.1 Iterative refinement.

Input: Branch decomposition T of a connectivity function f.
Output: A branch decomposition of f of width at most bw(7T") — 1 or the conclusion
that bw(T") < 2bw(f).
1: Let k + bw(T)
2: Let state be an array initialized with the value unseen for all nodes of T',
including new nodes that will be created by the refinement operation.
3: Let s be an arbitrary leaf node of T'
4: v¢s
5: u < the neighbor of v
6: state[v] < open
7: state[u] < open
8: while state[u] = open do

9: if exists w € Np(u) with state[w] = unseen then

10: VU

11: U—w

12: state[u]| < open

13: else if f(uv) <k then

14: if v==s then return T

15: else

16: state[u] < closed

17: U<V

18: v ¢ the node v € Np(u) with state[v] = open

19: > Such a node v is unique.

20: end if

21: else

22: if exists a global T-improvement (uv,C1,Cs,C3) then

23: R < the edit set

24: v' < the node v' € Nr(R) with state[v’] = open

25: > Such node v’ is unique.

26: T « Refine(T, (uv,Cy,C2,C3))

27: > Where the refinement operation works as in Lemma 5.4, i.e., by
removing the edit set R and inserting a connected subtree of |R| nodes in its
place.

28: v

29: u < the node uw € Np(v) that was inserted by the refinement

30: > Such node u is unique.

31: state[u] < open

32: else

33: conclude bw(T) < 2bu(f)

34: end if

35: end if

36: end while

The next lemma will be used to prove the correctness of Algorithm 5.1 in the case
when it returns an improved branch decomposition.

LEMMA 5.10. If Algorithm 5.1 reaches line 14, i.e., terminates by returning a
branch decomposition, then all nodes except v and u have state closed.
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Proof. We show that Algorithm 5.1 maintains the invariant that if a node w
is closed, then all nodes w’ in the s-subtree of w are also closed. This is trivially
maintained by the case of line 9. In other cases all of the neighbors of u except v are
closed due to Lemma 5.9. This implies that the case of line 15 also maintains the
invariant. The case of line 22, i.e., refinement, maintains this because the union of
the edit set R and the path w1, ...,w; defined in Lemma 5.9 is a connected subtree
that contains u, v, and s.

This invariant implies the conclusion of the lemma because at line 14 all neighbors
of u except v are closed. 0

We are ready to prove the correctness and the time complexity of Algorithm 5.1.
In particular, next we complete the proof of the main theorem of this section.

THEOREM 2.3. Let f be a connectivity function for which there exists a refinement
data structure with time complexity t(k). There is an algorithm that, given a branch
decomposition (T,L) of f of width k, in time t(k) - 2°%)n either outputs a branch
decomposition of f of width at most k — 1 or correctly concludes that k < 2bw(f).

Proof. Tt suffices to prove that Algorithm 5.1 is correct and runs in time t(k)?o(k)n
provided a refinement data structure with time complexity ¢(k).

We first show the correctness. The algorithm terminates with the conclusion
bw(T) < 2bw(f) if and only if there is no W-improvement of W = T[uv|, where
f(W) =bw(T). Therefore, by Lemma 4.5, bw(T) = f(W) < 2bw(f). For the other
case, let w # s be a node of T" and p be the s-parent of w. Note that the state of
w can become closed only if f(wp) < k, and after that, f(wp) will not change unless
w and p are in the edit set, in which case they are replaced by new nodes that are
unseen. Therefore, by Lemma 5.10, when Algorithm 5.1 reaches line 14, we have that
f(wp) <k for all w e V(T)\ {u,v}, and by line 13 we also have f(uv) < k. Therefore
we have that f(e) < k for all edges e of T, implying that Algorithm 5.1 is correct
when it returns a branch decomposition.

Then we prove the running time. By the definition of W-improvement and The-
orem 4.9, the width of T never increases. By Lemma 5.6, with every refinement, the
potential function drops by at least |R|, the size of the edit set. While we cannot
control the size of the edit set for each new refinement, the total sum of the sizes of
the edit sets over all the sequence of refinements does not exceed ¢y (1) = 2°*)n,
Thus the total time complexity of the refinement operations is t(k)2o(k)n and the
total number of new nodes created over the course of the algorithm in refinement
operations is 29F)n. All cases of the algorithm advance the state of some node ei-
ther from unseen to open or from open to closed, and therefore the total number of
operations is 20 )y and their total time t(k)2°*)n. d

6. Approximating rankwidth. In this section we prove Theorem 1.1, that is,
there is an algorithm that for an n-vertex graph G and an integer k in time 927 2
either computes a rank decomposition of width at most 2k or correctly concludes that
the rankwidth of G is more than k. To prove that theorem, we define “augmented
rank decompositions,” show how to implement the refinement data structure of The-
orem 2.3 for augmented rank decompositions with time complexity ¢(k) = 220<k)7 and

then apply the algorithm of Theorem 2.3 with iterative compression.

6.1. Preliminaries on rank decompositions. We start with preliminaries on
rank decompositions. Most of the material in this subsection is well known and is
commonly used in dynamic programming over rank decompositions [7, 22, 23]. For
the reader’s convenience, we provide short proofs here.
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Let us recall that a rank decomposition of a graph G is a branch decomposition
of the function cutrkg : 2V(%) — Z>o defined on vertex sets of a graph G. For a graph
G and a subset A of the vertex set V(G), we define cutrkg(A) as the rank of the
|A| x|A| 0—1 matrix Mg[A, A] over the binary field where the entry m; ; of Mg[A, A]
on the ith row and the jth column is 1 if and only if the ith vertex in A is adjacent
to the jth vertex in A. That is, cutrkg(A) = rk(Mg[A, A]). Then the rankwidth of a
graph G, rw(G), is the minimum width of a rank decomposition of G.

Oum and Seymour showed that cutrke is a connectivity function [37].

PROPOSITION 6.1 ([37]). The function cutrke is a connectivity function.

In the rest of this section we will always assume that we are computing the
rankwidth of a graph G, and therefore we drop the subscript in cutrkg. We also
assume that a representation of G that allows for checking the existence of an edge
in O(1) time (e.g., an adjacency matrix) is available.

The following definition of a representative will be used for dynamic programming
on rank decompositions.

DEFINITION 6.2 (representative). Let AC V(G). A set R C A is a representative
of A if for every vertex v € A there is a verter uw € R with N(v)\ A= N(u)\ A. The
representative R is minimal if for each v € A there exists exactly one such u € R.

Note that there always exists a minimal representative. The property of cutrk
that we exploit in dynamic programming is that it bounds the size of any minimal
representative.

ProOPOSITION 6.3 ([37]). Let A C V(G). If cutrk(A) < k, then any minimal
representative of A has size at most 2F.

To do computations on minimal representatives, we usually need to work with
representatives of bipartitions (A, A).

DEFINITION 6.4 (representative of (A, 4)). Let A C V(G). A pair (R,Q) with
RC A and Q C A is a (minimal) representative of (A, A) if R is a (minimal) repre-
sentative of A and Q is a (minimal) representative of A.

Given some representative of (A4, A), a minimal representative can be found in
polynomial time by the following lemma.

LEMMA 6.5. Let ACV(G). Given a representative (R,Q) of (A, A), a minimal
representative of (A, A) can be computed in (|R| +|Q[)°M) time.

Proof. One can use the partition refinement algorithm on the graph G[R,Q]. O
We will also need the following lemma to work with representatives.

LEMMA 6.6. Let Ry be a representative of A, and let Rp be a representative of
B. Then Ry U Rp is a representative of AU B.

Proof. Tf N(v)\ A=N(u)\ A, then N(v)\ (AUB)=N(u)\ (AU B). d
Next define the Ag-representative of a vertex.

DEFINITION 6.7 (Ag-representative of a vertex). Let A C V(G), let R be a
minimal representative of A, and let v be a verter v € A. The Ag-representative of v,
denoted by rep 4, (v), is the verter u € R with N(u)\ A= N(v)\ A.

By the definition of a minimal representative, there exists exactly one Ag-
representative of a vertex, so the function rep,, (v) is well-defined. Using a mini-
mal representative of (A, A) we can compute rep 4, (v) efficiently.
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LEMMA 6.8. Let ACV(G). Given a vertex v € A and a minimal representative
(R,Q) of (A, A), rep,, (v) can be computed in (|R| + 1QNCW) time.

Proof. Test for each ue Rif N(u)NQ=N(v)NQ. ad
We also define the Ag-representative of a set.

DEFINITION 6.9 (Apg-representative of a set). Let ACV(G), let R be a minimal
A-representative, and let X C A. The Ar-representative of X, denoted by rep 4, (X),

is the set rep 4, (X) =U,cx{repa,(v)}.

Because rep 4, (v) is well-defined, rep 4, (X) is also well-defined. By applying
Lemma 6.8, the Ap-representative of a set X can be computed in | X|(|R| + |Q|)°M)
time. As any Ap-representative of a set is a subset of R, there are at most 27!
different Apg-representatives of sets. Therefore if cutrk(A) <k, there are at most 22"
different Apgr-representatives of sets.

Many computations on Apg-representatives of sets rely on the following
observation.

Observation 6.10. Let A C V(G) be a set of vertices, X CA, Y C A, and let R4
be a minimal representative of A, let Rx be a minimal representative of X, and let
Ry be a minimal representative of Y. Also let X’ C X and Y’ C Y. Then it holds
that rep,,, (X'uY)= repy, (repx, (X"Hu repy;, (Y").

6.2. Augmented rank decompositions. In order to do dynamic program-
ming efficiently on a rank decomposition, we define the notion of an augmented rank
decomposition.

DEFINITION 6.11 (augmented rank decomposition). An augmented rank decom-
position is a pair (T, R), where T is a rank decomposition and R is an auziliary array
that stores for each edge wv € E(T) a minimal representative (Rluv],Rlvu]) of the
bipartition (T[uv], T[vu]).

For an augmented rank decomposition (T,R), root edge r € E(T), and a node
w € V(T) we will also use the notation R, [w] to denote the minimal representative of
T,[w] stored in R. Note that by Lemma 6.3 an augmented rank decomposition can
be represented in O(2Fn) space, where k is the width.

Next we show that we can maintain an augmented rank decomposition in our
iterative compression.

LEMMA 6.12. Let v € V(G). Given an augmented rank decomposition (T, R) of
G\ {v} of width k, an augmented rank decomposition of G of width at most k+1 can
be computed in 2°F)n time.

Proof. We obtain a rank decomposition 7" of G by subdividing an arbitrary edge
of T" and inserting v as a leaf connected to the node created by subdividing. The
width of T” is at most k + 1 because adding one vertex to A increases cutrk(A) by at
most one.

For the new edge incident with v a minimal representative is easy to compute in
O(n) time: {v} is a minimal representative of {v} and a minimal representative of
V(G)\{v} has one vertex from N (v) if it is nonempty and one from V' (G)\ (N (v) U{v})
if it is nonempty.

Other edges of T’ correspond to edges of T in the sense that for each a'y’ € E(T”)
nonincident to v, we have (T"[z'y'], T’ [y'2z']) = (A", A’) = (T[xy] U {v}, T[yx]) for the
corresponding zy € E(T). We start by setting for each such A’ the representative as
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R[zy] U{v}. This is not necessarily a minimal representative of A’, but we turn it
into minimal later. Now we have representatives of size at most 2¥ + 1 for the sides
of bipartitions containing v.

For the sides of bipartitions not containing v, we compute minimal representatives
by dynamic programming. We root the decomposition at v and proceed from leaves
to the root. For leaves, the minimal representatives have exactly one vertex, the leaf.
For nonleaves, we want to compute a minimal representative of a set B corresponding
to a subtree with v ¢ B such that B = B; U By, where we have already computed
minimal representatives R; and Ry of By and Bs, and a representative R4 of B of
size |R4| < 2% +1. By Lemma 6.6, R; U R5 is a representative of B, so (RiUR2,RA)
is a representative of (B, B) of size 2°*) | so we use Lemma 6.5 to compute a minimal
representative of (B, B) in time 20, 0

6.3. Refinement data structure for rankwidth. This subsection is devoted
to proving the following lemma.

LEMMA 6.13. There is a refinement data structure for rank decompositions with
O(k
time complezity t(k) = 22 ( ), where the Init operation requires an augmented rank
decomposition and the Output operation outputs an augmented rank decomposition.

Combined with Theorem 2.3 we get the following corollary.

COROLLARY 6.14. There is an algorithm that, given an augmented rank decom-
position of G of width k, outputs an augmented rank decomposition of G of width at
O(k
most k — 1 or correctly concludes that k < 2rw(G) in time 22 “n

And by applying iterative compression with Corollary 6.14 and Lemma 6.12 we
obtain the main result of this section.

THEOREM 1.1. There is an algorithm that, given an n-vertex graph G and an
O(k
integer k, in time 22 ( >n2, either computes a rank decomposition of G of width at
most 2k or correctly concludes that the rankwidth of G is more than k.

Our refinement data structure is based on characterizing global T-improvements
by dynamic programming on the augmented rank decomposition (T, R) directed to-
wards the edge r € E(T). In subsections 6.3.1, 6.3.2, 6.3.3, and 6.3.4 we introduce
the objects manipulated in this dynamic programming and prove properties of them,
and in subsection 6.3.5 we apply this dynamic programming to provide the refinement
data structure.

6.3.1. Embeddings. Bui-Xuan, Telle, and Vatshelle in [7] characterized the
cut-rank of a bipartition (A, A) by the existence of an embedding of G[A, A] into a
certain graph Rj. Next we define this notion of embedding. In our definition the
function describing the embedding is in some sense inversed. This inversion will make
manipulating embeddings in dynamic programming easier.

DEFINITION 6.15 (embedding). Let G and H be bipartite graphs and let (Ag, Bg)
and (Ag,By) be bipartitions of their vertex sets. A function f:V(H) —2Y(S) is an
embedding of G into H if

o F(u)O1f(v) =0 forutv;

i AG = UvEAH f('l)), BG = UvEBH f(’U),' and

e for every pair (ap,by) € Ag X By and every (a,b) € f(ap) x f(by), it holds
that ab € E(G) if and only if apby € E(H).

When using the notation G[X, Y] to construct a bipartite graph, we always assume
that the bipartition of G[X,Y] is (X,Y). Note that the embedding completely defines
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the edges of G[X, Y] in terms of the edges of H, and in particular gives a representative
of (X,Y) of size at most |V (H)|, as we formalize as follows.

Observation 6.16. Let G be a graph and (A, A) be a bipartition of V(G). Let
H be a bipartite graph with bipartition (A, Bg). Let f: V(H) — 2V(&) be an

embedding of G[A, A] into H. Let g be a function mapping each v € V(H) to a subset
of f(v) as follows:

g(v) =

{u} wherew € f(v) iff(v)is nonempty,
0 otherwise.

Then (U,ea,, 9(v),Uyen, 9(v)) is a representative of (A, A) of size at most [V (H)|.
Next we define the graph Ry that will be used to characterize cut-rank.

DEFINITION 6.17 (graph Ry [7]). For each k >0, we denote by Ry the bipartite
graph with a bipartition (A, B), having for each subset X C{1,...,k} a vertexax € A
and a verter bx € B (in particular, having |A| = 2% and |B| =2*), and having an edge
between ax and by if and only if | X NY] is odd.

PROPOSITION 6.18 ([7]). Let A CV(G). It holds that cutrk(A) <k if and only

if there is an embedding of G[A, A] into Ry,.

We will find global T-improvements by computing embeddings into Ry by dy-
namic programming. In order to manipulate embeddings and objects related to
embeddings we introduce some notation that naturally extends the definitions of in-
tersections and unions of sets.

DEFINITION 6.19 (intersection f N X). Let f: V(H) — 24 be a function and
X C A be a set. We denote by f N X the function f N X : V(H) — 2% with

(f N X)(v) = F(v) N X.
We note that an intersection of an embedding and a set is again an embedding.

Observation 6.20. Let A be a set, let C C A, and let X C A. If f: V(H) — 24 is
an embedding of GJANC, A\ C|] into H, then fNX is an embedding of G[XNC, X\ C|
into H.

Finally, we define the union of functions.

DEFINITION 6.21 (union fUg). Let f: V(H) — 2% and g : V(H) — 2¥ be
functions. We define function fUg:V (H)— 2XYY with (f Ug)(v) = f(v)Ug(v).

6.3.2. Representatives of embeddings. Next we define the A-representative
of an embedding, extending the definition of the Ag-representative of a set.

DEFINITION 6.22 (Ag-representative of an embedding). Let A C V(G), and let
R be a minimal representative of A. Also let f:V(H) — 24 be an embedding. The
Ag-representative of f is the function g:V (H)— 2%, where g(v) =rep 4, (f(v)).

The Apg-representative of an embedding is well-defined because the Ag-
representative of a set is well-defined. If cutrk(A4) < k, then the number of Ag-
representatives of embeddings into H is at most (22k)‘V(H ). In particular, the number
of Ap-representatives of embeddings into Ry, is at most (22°)22" =227

We will define the compatibility and the composition of two representatives of
embeddings. The intuition is that embeddings fx and fy of disjoint subgraphs can be
merged into an embedding fx U fy if and only if their representatives are compatible.
Moreover, the representative of fx U fy will be the composition of the representatives
of fX and fy.
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Let X and Y be disjoint subsets of V(G) and let A = X UY. Also let R be
a minimal representative of A, Rx a minimal representative of X, and Ry a min-
imal representative of Y. Also let H be a bipartite graph, gx : V(H) — 2fx an
X g -representative an embedding, and gy : V(H) — 28Y a Y, -representative of an
embedding.

DEFINITION 6.23 (compatibility). Let (Ag,Bg) be the bipartition of H. The
representatives gx and gy are compatible if for every pair (ap,by) € Ay X By it
holds that

1. for every (a,b) € gx(am) % gy (bp) it holds that ab € E(G) < axby € E(H);
and
2. for every (a,b) € gy (ap) X gx(by) it holds that ab € E(G) < ayby € E(H).

Note that compatibility can be tested in (|V (H)| + |Rx| + |Ry|)®™ time. Next
we show that two embeddings can be merged into an embedding only if their repre-
sentatives are compatible.

LEMMA 6.24. Let C C A be a set and let fa be an embedding of GIANC, A\ C]
into H. If gx is the X g, -representative of faNX and gy is the Yg, -representative
of fanY, then gx and gy are compatible.

Proof. Let fx =fanNX, fy =fanNY, and let (A, Bg) be the bipartition of H.
For the case (1) of compatibility it suffices to prove for every pair (ap,by) € Ay X By
and every (a,b) € gx(ap) % gy (by) that ab € E(G) if and only if agyby € E(H).

As gx(ap) is an Xpg, -representative of fx(ag), there exists a’ € fx(ay) with
N(a')\ X = N(a) \ X. Similarly there exists b’ € fy (bg) with N(b')\Y =N(b) \ Y.
Therefore ab € E(G) if and only if o't € E(G). Since fx(ap) = falag) N X and
fy(bg) = fa(byg)NY, we have that a’ € fa(ag) and that ¥’ € f4(by). Because f4 is
an embedding it holds that o'V’ € E(G) if and only if agby € E(H). This concludes
the proof that the case (1) of compatibility holds.

For (2) it suffices to prove the same but for every pair (a,b) € gy (am) X gx (by).
This proof is symmetric. O

The composition is defined as the representative of the union.

DEFINITION 6.25 (composition). The composition of gx and gy is the function
ga:V(H)— 24 defined by ga(v) =rep 4, (gx(v) Ugy (v)) for all v e V(H).

By using a minimal (A, A)-representative (R, Q) the composition can be computed
in time (|V(H)|+ |R| + |Q| + [Rx| + [Ry ) O,

Next we prove that two embeddings can be merged into an embedding if their
representatives are compatible, and in this case the composition gives the resulting
representative.

LEMMA 6.26. Let C C A be a set. Let gx be the Xpr, -representative of an em-
bedding fx of GIXNC, X\ C] into H and gy the Yg, -representative of an embedding
fy of GIY N C,Y \ C] into H. If gx and gy are compatible, then fx U fy is an
embedding of GIANC, A\ C] into H so that the composition of gx and gy is the
Ag-representative of fx U fy.

Proof. Let (Ay,Bg) be the bipartition of H. We let f4 = fx U fy and observe
that fa is a function fa : V(H) — 24 that satisfies fa(u) N fa(v) = 0 for u # v,
(XNC)U(Y N C) = (ANC) = Uyen, fa(0), and (X\C)U(Y'\ C) = (4 C) =
Uven, fa(v). Therefore f4 is an embedding of G[ANC, A\ C] into H if for every
pair (ag,by) € Ag x By and every (a,b) € fa(apg) X fa(bm) it holds that ab € E(G)
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if and only if agby € E(H). We say that f4 is good for a pair (a,b) € (ANC) x (A\C)
if this holds for this pair. Now f4 is an embedding of GJANC, A\ C] into H if it is
good for every pair (a,b) € (ANC) x (A\C).

Because fx is an embedding of G[XNC, X\ C] into H we have that fx is good for
all pairs in (X NC) x (X \C) and therefore f4 is good for all pairs in (XNC) x (X\C).
Analogously because fy is an embedding of G[Y N C,Y \ C] into H we have that f,
is good for all pairs in (Y NC) x (Y \ C). It remains to prove that fa is good for all
pairs in (X NC) x (Y\C) and in (Y NC) x (X\C).

Let (a,b) € (X NC) x (Y \C). The set gx(apy) is an X, -representative of
fx(ag) 2 {a}, so there exists a’ € gx(ag) so that N(a’)\ X = N(a) \ X. Similarly
there exists V' € gy (bgr) so that N(V')\Y = N(b) \ Y. Therefore ab € E(G) if and
only if a’t’ € E(G). Now, by compatibility (1) it holds that a'b’ € E(G) if and only if
agby € E(H). Therefore f4 is good for (a,b).

The proof for (a,b) € (Y NC) x (X \ C) is symmetric, using compatibility (2)
instead. Therefore f4 is an embedding of GJANC, A\ C] into H. Finally, by Obser-
vation 6.10 the composition of gx and gy is the Ag-representative of fa. ]

6.3.3. Improvement embeddings. In order to construct a minimum W-
improvement (Cy,Csq,C3), we build six embeddings simultaneously in the dynamic
programming, three to bound cutrk(C;) and three to bound cutrk(C; N W). We of
course also need to bound cutrk(C; N W), but note that G[(C; N W) N W, (C; "W) N
W1 =GI[0, W], so dynamic programming is not required for building the side of W of
the embedding G[C; N W,C; N W].

DEFINITION 6.27 (A-restricted improvement embedding). Let A C V(G). A
10-tuple

E:(flcaf2caf3caflm/af2m/7fgv7klak27k3al)

is an A-restricted improvement embedding if there exists a tripartition (Cy,Cq,C3)
of A so that
1. for each i€ {1,2,3}, f€ is an embedding of GIAN C;, ANC;] into Ry,; and
2. for each i €{1,2,3}, fVV is an embedding of G[ANC;, ANC;) into Ry.

Note that an A-restricted improvement embedding £ uniquely defines such a
tripartition (Cy,Cy,C3) of A. We call such a tripartition the tripartition of E. We
say that E intersects a set if its tripartition (Cp,Cs,C3) intersects it. We call the
quadruple (ki, ks, k3,l) the shape of E. An A-restricted improvement embedding is
k-bounded if kq, ko, k3, < k.

In the following lemma we introduce the notation £ N X, where E is an A-
restricted improvement embedding and X C A.

LEMMA 6.28. Let ACV(G), X CA, and
E= (0 f5 5 1 1 1Y ks ke ks 1)
be an A-restricted improvement embedding with tripartition (Cq,Cq,C3). The tuple
EnX=(fnX, fSnX, X, fVnX, £V 0 X, £V N X, ki, ko, ks, 1)

is an X -restricted improvement embedding with tripartition (C1NX,CoNX,CsNX).

~ Proof. By Observation 6.20, for each i, ffnXis an embedding of GXNnC;\, XN
Ci] to Ry, and f}V is an embedding of G[X N C;, X N C;] to R;. O
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We also define the union of improvement embeddings, extending the definition of
the union of embeddings.

DEFINITION 6.29. Let X and Y be disjoint subsets,

El:(flcaf2caf305flvvaf;/vaf?yvaklyk%k&l)

an X -restricted improvement embedding, and

EQ = (g?aggvggagY[/?ggvaggvvk17k27k3vl)

a Y -restricted improvement embedding with the same shape. We denote by Ey U Fy
the 10-tuple

ElUE2:(fFUgfafSUggaf§UggafF/Ug}/v7f2VVUggV7f§VUggvvkhk?vkd’l)

Note that if the tripartition of X is (C; N X,Ce N X,C5N X), the tripartition of
Y is (C1NY,CoNY,C3NY), and £ U Ey is indeed an X UY -restricted improvement
embedding, then the tripartition of Ey U Ey is (Cy, Oy, C3).

We will use dynamic programming on the rank decomposition T to compute
improvement embeddings, minimizing the number of nodes of T" intersected.

6.3.4. Representatives of improvement embeddings. The definition of the
Apg-representative of an improvement embedding extends the definition of the Ag-
representative of an embedding.

DEFINITION 6.30 (Apg-representative of improvement embedding). Let A C V(G),
and let R be a minimal representative of A. Also let

= (0 1S 1S 1Y BY LAY Kk, ks, 1)

be an A-restricted improvement embedding. The Ag-representative of E is the tuple

(gf7ggagg7g¥/aggv,93 7k1a k27k3al)7

where each such g is the Ag-representative of the corresponding embedding f.

The shape of the Ag-representative of E is the same as the shape of £. When
cutrk(A) < k, the number of Ag-representatives of k-bounded improvement embed-
dings is (QQO(M)%4 22°") We naturally extend the definitions of composition and
compatibility to representatives of improvement embeddings.

Let G be a graph, X and Y disjoint subsets of V(G), and A = X UY. Also
let R be a minimal representative of A, Rx a minimal representative of X, and
Ry a minimal representative of Y. Let Ex = (FE IS 1S VW £V Ky, ko, ks, 1)
be the X Rx—representative of an X-restricted improvement embedding and Ey =
(9§, 95,95, 91V, g%, g¥V ki, kb, k%, 1') be the Yg, -representative of a Y-restricted im-
provement embedding.

DEFINITION 6.31 (C-compatibility). Ex and Ey are C-compatible if they have
the same shape and for each i € {1,2,3}, f¢ and g€ are compatible.

DEFINITION 6.32 (compatibility). Ex and Ey are compatible if they are C-
compatible and for each i € {1,2,3}, fIV and g!V are compatible.

We derive the following lemma directly from Lemma 6.24.
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LEMMA 6.33. Let LZ? be an A-restricted improvement embedding. If Ex is the
X Ry -representative of EN X and Ey is the Yg, -representative of ENY, then Ex
and Ey are compatible.

Proof. Apply Lemma 6.24 to each embedding in F. ]

Next we define the composition of two representatives of improvement embed-
dings, extending the definition of the composition of representatives of embeddings.

DEFINITION 6.34 (composition). If Ex and Ey are compatible, then the compo-
sition ofEX and Ey is the pointwise composition of Ex and Ey, i.e., the composition
is the 10-tuple

EA = (hlc>h207h§7h‘1/v7hgv7h{‘s/v7k1ak27k3al)a

where for each i € {1,2,3} hic is the composition of fic and gic, and hYV is the
composition of f}V and g}

Next we prove the main lemma for computing improvement embeddings by dy-
namic programming, which is an extension of Lemma 6.26.

LEMMA 6.35. Let X and Y be disjoint sets, A=X UY, R a minimal represen-
tative of A, Rx a minimal representative of X, and Ry a minimal representative of
Y. Let E; be an X -restricted improvement embedding and Ey a'Y -restricted improve-
ment embedding. Let EX be the XRX -representative of Ey, and let Ey be the Ygr, -
representative of Fy. If EX and Ey are compatzble then Eq U Ey is an A-restricted
improvement embedding and the composition of Ex and Ey is the Ag- -representative
of E1 U E2 .

Proof. Denote

El:(flcaf2caf?,caflvv7f2M/af3FVaklvk2ak3al)

and

Ey=(97.95.95 .91 .95 g k1, ko, ks, 1).

Let (C{X,C55, C5X) be the tripartition of £y and (CY,CY,CY) the tripartition of Ey.
By Lemma 6.26, f Ug¢ is an embedding of G[CX UCY, A\ (CX UCY)] to Ry, and
IV ugl is an embedding of G[CX UCY, A\ (CX UCY)] to R, for every i. Therefore

:(fFUgfvaUgg?f??Ugg?fF/Ug}/v7f2vvu.g¥/af3 Ug?, 7k17k27k3;l)

is an improvement embedding with tripartition (C{* UCY ,C5 U CY ,C?f‘fu CY). By
Lemma 6.26 the composition of Fx and Fy is the Ag-representative of E. 0

Finding the W -improvement. In the dynamic programming we will determine
if there exists a W-improvement based on the representatives of W-restricted im-
provement embeddings and the representatives of W-restricted improvement embed-
dings. For this purpose we will define the root-compatibility of two representatives
of improvement embeddings, characterizing whether they can be merged to yield a
W -improvement.

Let W C V(G), let Ry be a minimal representative of W, and let Ry be a
minimal representative of W. Also let

w = (flcanCaf?)Caf]fjvva‘/Vvfg/v7k1ak27k3al)
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be a Wg,, -representative of a W-restricted improvement embedding and
EW: (9?795»9579?;9?»95&%»k27k3>l)

be a WRW—representative of an W-restricted improvement embedding so that Ew
and Eyr have the same shape.

DEFINITION 6.36 (root-compatibility). Ew and EW are root-compatible if they
are C-compatible and -
1. for each i, there exists an embedding fV ofg[@,W] into Ry so that fV is
compatible with the WRW—Tepresentative of fV; and
2. for each i, there exists an embedding gZW of G[0,W] into R; so that gV is
compatible with the W, -representative of g}V .

The definition does not directly provide an efficient algorithm for checking root-
ey e . . 20(k) .
compatibility, but a couple of observations and brute force yields a 2 time algo-
rithm as follows.

LEMMA 6.37. Let cutrk(W) < k and suppose that the improvement embeddings
are k-bounded. Given Eyy, EW, Ry, and Ryy, the root-compatibility of Ew and EW
can be checked in time 22° .

Proof. We prove the case (1); the other case is symmetric.

Suppose there exists such an embedding fV. Let (Ay, By) be the bipartition of
R; and let ug, vy € By be a pair of distinct vertices in Byr. Suppose that there exists
u,v € W such that N(u) "W =N () "W, ue f¥(ug), and v € ¥ (vy). Note that
now, if we remove u from f} (ug) and insert it into f}V (vg), we obtain an embedding
whose WRW—representative is compatible with the same Wg,, -representatives as fV.
Therefore, we can assume for any u,v € W that if N(u) "W = N(v) N W, then there
exists vy € By so that {u,v} C fV (vy).

As for any v € W there is a vertex vg € Ry with N(v) "W = N(vg) N W, it is
sufficient to enumerate all intersections f}V N Ry and assign each v to the same vertex
of By as vg. Note that in this case, the WRW—representative of f/V depends only on

. . T . . . B
the intersection fiW N Ry7. The number of the intersections is at most (2|RW|)| | <

(22k)2k =22 and each can be checked in time 20 0

We also introduce the definition of C;-emptiness to denote whether none of the
vertices has been assigned to C; in the tripartition.

DEFINITION 6.38 (C;-empty). Let Ep= (fE, 18,5, ...) be the Ar-representative
of an A-restricted improvement embedding. Let i € {1,2,3}, and let (Ag, By) be the
bipartition of Ry,. Eg is C;-empty if for every v € Ag it holds that € (v) =0.

The definition of Cj-emptiness is for determining which of the parts of a corre-
sponding tripartition intersect A.

Observation 6.39. Let ER be the A r-representative of an A-restricted improve-
ment embedding £ and (C1,Cq,C3) the tripartition of E. It holds that C; = (0 if and
only if Fg is C;-empty.

Finally, we describe how to find W-improvements based on representatives of
improvement embeddings.

LEMMA 6.40. Let T' be a rank decomposition, uvv = r € E(T), and W = T[uv].
Denote X =W =T, [u], Y =W =T.[v], and let Rx be a minimal representative of X
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and Ry a minimal representative of Y. There exists a W-improvement (Cy,Ca,C3)
with arity o and cutrk(C;) < k; for each i € {1,2,3} if and only if there exist E, and
E, such that

1. E, is the Xy -representative of an X -restricted improvement embedding with

shape (k1, ke, ks,l) whose tripartition is (C1 N X,CoNX,CsNX);
2. E, is the Yr, -representative of a Y -restricted improvement embedding with
shape (ki, ko, ks, 1) whose tripartition is (C1 NY,CoNY,C3NY);
. E, and E, are root-compatible;
- ki <cutrk(W)/2 for all i, | < cutrk(W); and
5. =2 if there exists i such that both E, and E, are C; -empty and otherwise
a=3.

Proof. If direction:
Let

=~ W

EX:(fF?fQCvfgva/vfya ,?Yvaklvk%k&l)

be an X-restricted improvement embedding whose Xpg,-representative is E, and
whose tripartition is (C; N X,Ce N X, C5N X). Also let

EY = (glc7920ag§7g¥[/7ggvagg’:vaklakQ,kSal)

be a Y-restricted improvement embedding whose Yg, -representative is E,, and whose
tripartition is (C1 NY,CoNY,C5NY).

As E, and E, are C-compatible, Lemma 6.26 implies that for each i € {1,2,3},
fEUgf is an embedding of G[C;, C;] into Ry,. Therefore by Proposition 6.18 it holds
that cutrk(C;) < k;.

As E, and E, are root-compatible, by the definition of root-compatibility and
Lemma 6.26 for each 7 there exists an embedding fW of G[0, W] to R; so that £}V UfW
is an embedding of G[C; "W, (C; NW)UW|=G[C; "W, C; NW] to R;. Therefore by
Proposition 6.18 it holds that cutrk(C; NW) <|.

Symmetrically, by root-compatibility there exists an embedding g}V of G[0, W] to
Ry so that g/¥ Ug}V is an embedding of G[C; "W, (C;NW)UW]=G[C;nW,C; N W]
to R;. Therefore by Proposition 6.18 it holds that cutrk(C; N'W) <I.

Finally note that C; =0 if and only if both E, and E, are C;-empty.

Only if direction: Let (Cy,C2,C3) be a W-improvement of arity «, where cutrk(C;)
= k;. Also let [ = cutrk(WW) — 1. By Proposition 6.18, for each i there exists an em-
bedding f¢ of G[C;,C;] to Ry,, an embedding fV of G[C; N W,C; N W] to R, and
an embedding fV of G[C; "W,C; " W] to R;.

Let

EX:(fme7f50X7f£ﬂX7fF/ﬂX7f2VVﬂX7f?YVﬂX7klak27k3vl)
and note that the tripartition of Ex is (C; N X,CoN X,C3N X). Also let
By =(fC Y. 8 0Y 8 0y, AV 0V, £V 0Y, £ 0k ko ks D)

and note that the tripartition of Ey is (C1NY,CoNY,C35NY). Let E, be the Xpy-
representative of Ex and E the Yg, -representative of Ey. Note that now Eu and
E, satisfy (1) and (2 )

By Lemma 6.24, E,, and E,, are C-compatible. By Lemma 6.24, for each i, 7y
is an embedding of G[, W] to R; whose Yg, -representative is compatible with the
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X -representative of f/¥ N X, and f¥ N X is an embedding of G[(), W] whose Xg, -
representative is compatible with the Yz, -representative of f/¥ NY. Therefore E,
and E, are root-compatible by the definition of root-compatibility.

If (C1,C5,Cs3) has arity 2, then there is 7 such that C; = @), which implies that
both E, and E, are Ci;-empty. Otherwise each C; intersects with at least one of X
or Y, and therefore for each i at least one of E, or E, is not C;-empty. O

6.3.5. Refinement data structure for augmented rank decompositions.
In this subsection we provide the refinement data structure for augmented rank
decompositions using dynamic programming building on the previous subsections.
Throughout this subsection, we assume that we are maintaining an augmented rank
decomposition (T,R) of width rw(T) < k, and therefore we are only interested in
k-bounded improvement embeddings.

Concrete representatives. In order to maintain an augmented rank decomposi-
tion in the refinement operation, we need to construct a minimal representative of
each set C; of the W-improvement (C7,Co,C3). To do this, we maintain “concrete
representatives” in the dynamic programming.

DEFINITION 6.41 (concrete representative). Let H be bipartite graph, let A C
V(G), and let f : V(H) — 24 be a function. A concrete representative of f is a
function g defined in Observation 6.16, i.e., a function g mapping each v € V(H) to
a subset of f(v) as follows:

{u} where ue f(v) if f(v) is nonempty,
g(v) = { 0

otherwise.

Let E = (ff,fg,ff, ...) be an A-restricted improvement embedding. A concrete
representative of E is a triple (¢¢, g5, g5), where each g is a concrete representative

of .

Note that a concrete representative can be represented in O(|V (H)|) space. By
Observation 6.16, a concrete representative of an embedding of G[C;, C;] into H can be
turned into a representative of (C;,C;) of size at most |V (H)|. In particular, using a
concrete representative of a V (G)-restricted improvement embedding with tripartition
(C1,Cy,C3) we can compute a minimal representative of each C; in time 20,

We define the union of two concrete representatives naturally.

DEFINITION 6.42 (union of concrete representatives). Let fr be a concrete repre-
sentative of a function f:V(H)— 2% and gr a concrete representative of a function
g:V(H) — 2Y. We denote by fr U gr the function mapping each v € V(H) to a
subset of f(v)Ug(v) as follows:

(fRUQR)(v)—{ fr(v)  if fr(v) #0,

gr(v)  otherwise.

The union of concrete representatives of improvement embeddings is the pointwise
union of such triples of concrete representatives.

Observe that such fr Ugg is a concrete representative of f U g.

Dynamic programming tables. In the refinement data structure we maintain a
dynamic programming table for each node w € V(T'). We call this table the r-table of
the node w to signify that this table contains information about the r-subtree of w.
Next we formally define an r-table.
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DEFINITION 6.43 (r-table). For an augmented rank decomposition (T, R), root
edge r € E(T), node w € V(T), and A="T,[w], R=TR,[w], an r-table of w is a triple
(€,Z,C), where

1. € is the set of all Ag-representatives of k-bounded A-restricted improvement
embeddings;

2. T is a function mapping each Egr € & to the least integer 1 such that there
exists an A-restricted improvement embedding E whose Ag-representative is
Er and which r-intersects i nodes of the r-subtree of w; and

3. C is a function mapping each Er € € to a concrete representative of an A-
restricted improvement embedding E such that Eg is the Apg-representative
of E and E r-intersects T(Eg) nodes of the r-subtree of w.

Note that an r-table can be represented by making use of 92°™" space.

To correctly construct the refinement that matches the concrete representation
obtained, we need to spell out some additional properties of r-tables, which will be
naturally satisfied by the way the r-tables will be constructed.

DEFINITION 6.44 (local and global representation). Let (T, R) be an augmented
rank decomposition, r € E(T), w € V(T), A = T, [w], and R = R,.[w]. An r-table
(€,Z,C) of w locally represents an A-restricted improvement embedding E if there
exists Ep € € so that Eg is the Ag- representative of E, I(ER) is the number of nodes
in the r-subtree of w r-intersected by E, and C(ER) is a concrete representative of E.
The r-table of w globally represents E if the r-tables of all nodes w' in the r-subtree
of w (including w itself) locally represent E N T,[w'].

DEFINITION 6.45 (linked r-table). A linked r-table of w is a 4-tuple (£,Z,C, L)
so that (£,Z,C) is an r-table of w and for each Eg € & there exists an A-restricted
improvement embedding E so that

1. Eg is the Ag-representative of E;

2. (£,7,C) globally represents E; and

3. if w is nonleaf and has r-children wy, and we with r-tables (Sl,Zl,Cl) and
(€2,T3,C2), then L is a function mapping ER to a pair L(ER) = (Ey, E3) such
that E1 €&, Ex €&, Ey is the T, [w1]R, [w,]-TEPTESENtAtIVE Of E N Ty[w],
and Es is the T, [w2] R, [ws]-TEPTESENtAtiVE Of ENT,[ws)].

The existence of a linked r-table will be formally proved in Lemma 6.47 when also
its constructlon is given. Note that a linked r-table of a node w can be represented
in 227 space We start implementing the dynamic programming from the leaves.

LEMMA 6.46. Let (T, R) be an augmented rank decomposition, let r € E(T), and
let w be a leaf node of T. A linked r-table of w can be constructed in time 2°%)

Proof. Let A = T,[w]. As |A| = 1, the number of A-restricted improvement
embeddings is 2°(®) and we can iterate over all of them and construct the r-table
directly by definition. Moreover, the r-table is by definition linked because A is
the minimal representative of itself, and so there is bijection between A-restricted
improvement embeddings and their A 4-representatives. ]

The next lemma is the main dynamic programming lemma. It specifies the com-
putation of linked r-tables for nonleaf nodes.

LEMMA 6.47. Let (T,R) be an augmented rank decomposition, r € E(T), w a
nonleaf node of T', and wy and ws the r-children of w. Given linked r-tables 0(]9‘ Ehe
nodes w1 and wy, a linked r-table (£,Z,C,L) of w can be constructed in time 2> (
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Proof. Let A =T, [w], X = T,[u1], Y = T, [ws], R = R.[w], Rx = R,[w], and
Ry = R,[ws]. Let (£1,Z1,C1) be the given r-table of w; and (£2,Z2,C2) the given
r-table of ws.

Let E be a k-bounded A-restricted improvement embedding. Note that the num-
ber of nodes in the r-subtree of w that E r-intersects is i1 + s + iy, where i1 is the
number of nodes in the r-subtree of w; that £ N X r-intersects, is is the number of
nodes in the r-subtree of we that ENY r-intersects, and i, = 1 if E r-intersects w
and 0 otherwise. Moreover, the fact whether E r-intersects w can be determined only
by considering the Ag-representative of E, in particular by whether it is C;-empty
for at most one 3.

We enumerate all pairs (El,Eg) €& x&. If By is compatible with Eg, then
by Lemma 6.35, for any Ex and Fy such that E; is a XRy-representative of Ex
and E2 is a YR, -representative of Ey it holds that £ = Ex U Ey is an A-restricted
improvement embedding such that ENX = Ex, ENY = Ey, and the composition
ER of F; and Es is the Ap- representative of E. Let us fix such Ex and Ey so that
they are globally represented by (£1,Z1,C1) and (€2,Z,,Cz), respectively. If ER ¢ ¢,
or ER € £ but I(ER) >Il(E1) + I2(E2) + 4y, We insert Er to £ and set I(ER)
Il(El) +IQ(E2) + T, C(ER) %Cl(El)UCQ(EQ) and ﬁ(ER) (E1,E2) Now (5 A C)
globally represents E.

As the number of such pairs is 92 , this algorithm clearly works in time 2

The fact that for all A-restricted 1mprovement embeddings E we actually consid-
ered a pair (El,EQ) € &1 X &9 so that El is a X g, -representative of ENX and E‘g is
a Yg, -representative of ENY follows from the definition of r-state and Lemma 6.28,
i.e., the fact that £ N X is an X-restricted improvement embedding and ENY is a
Y -restricted improvement embedding. 0
90(k)

9O (k)

Now the Init(T, r) operation can be implemented in |V (T)|2 time by con-
structing a linked r-table of each node in the order from leaves to root with |V (T)]
applications of Lemma 6.47. For the Move(vw) operation, observe that the linked r-
table of a node x € V(T') depends only on the r-subtree of x, and therefore by Obser-
vation 5.8 it suffices to recompute only the linked r-table of v when using Move(vw).
Therefore Move(vw) can be implemented in 22°" time by a single application of
Lemma 6.47. The operation Width() is implemented without r-tables. It amounts to
finding the smallest &’ for which G[ [uv], R[vu]] has an embedding to Ry, which can
be done by brute force in time 22 °™ The Output() operation also is straightforward
as we just output the augmented rank decomposition we are maintaining.

It remains to implement CanRefine(), EditSet(), and Refine(R, (N, Nz, N3)).
The following is the main lemma for them, providing the implementations of CanRe-
fine() and EditSet() and setting the stage for Refine(R, (N1, Na, N3)).

LEMMA 6.48. Let (T,R) be an augmented rank decomposition, wv =r € E(T),
and W = T[uv]. For each node w € V(T), let (Ew,Tw,Ruw,Lw) be the linked r-
table of w. There is an algorithm that returns L if there is no W-improvement,
and otherwise returns a tuple (R, Ny, No, N3, C CE CR), where (r,Cy,Cy,Cs) is a
global T-improvement, R is the edit set of (r,C1,Cs,C3), (N1, N2, N3) is the neighbor
partition of R, and for each i € {1,2,3}, CF is a minimal representative of C;. The
algorithm runs in time QQO(k)(|R\ +1).

Proof. Denote X = W =T,[u], Y =W = T,[v], and let Rx = R,[u] and Ry =
R [v].
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We iterate over all pairs (E,, E,) € £, x&, satisfying the conditions in Lemma 6.40
and determine the width, the arity, and the sum-width of a corresponding W-
improvement as in Lemma 6.40. Also, the minimum number of nodes of T' r-intersected
by a W-improvement corresponding to (E,, E,) can be determined as Z,,(E,)+Z,(E.,).
If no such pair is found, we return 1. Otherwise we find a pair (Eu, EU) so that E,, is
the X g, -representative of an X-restricted improvement embedding Ex that is glob-
ally represented by (&,,Z,,C,) and whose tripartition is (C1 N X,Co N X,C3 N X),
E, is the Yr, -representative of a Y-restricted improvement embedding Ey that is
globally represented by (€,,Z,,C,) and whose tripartition is (C; NY,CoNY,C5NY),
and (r,C1,Cq,C3) is a global T-improvement of T. As |E,]|E,| = 227 and each pair
can be checked in time 227 (root-compatibility by Lemma 6.37), this phase has time
complexity 227" .

Let (fC, S, f€) = Cu(E.) UCy(E,). Now fC is a concrete representative of an
embedding of G[(X N C;) U (Y N C;),(X\ Ci) U (Y \ Cy)] = G[C;,Cy] to Ry,, and
therefore by Observation 6.16 we obtain a representative of (C;, C;) of size at most
2.2k from f¢. We compute a minimal representative C{* of C; in time 20(F) by
Lemma 6.5.

We compute the edit set and the neighbor partition with a BFS-type algorithm
that maintains a queue @ containing pairs (w, E,, ), where w € V(T), with the invariant
that if w is in the r-subtree of u, then E,, is the T}.[w] . rw)-representative of Ex N7, [w]
and if w is in the r-subtree of v, then E,, is the T [w]R, [w)-Tepresentative of EyNT,[w].
We start by inserting the pairs (u, E,) and (v, E,) to Q. Then we iteratively pop a
pair (w, Ew) from the queue. If there is ¢ such that E,, is Cj-empty for all j #1, then
it holds that T.[w] C C;, and therefore we insert w to N;. Otherwise, we insert w to R,
let wy; and ws be the r-children of w, and let (El,Eg) =Ly, (Ew) We insert (El,wl)
and (F,,w;) into Q. This maintains the invariant by the definition of a linked r-table.

For each node w € RUN; UN3UN3 we access tables indexed by E,, and determine
Ci-emptiness, so the work is bounded by |RU Ny U No U N3] - 9299 _ |R| 929" g

What is left is the Refine(R, (N7, N2, N3)) operation. Computing the refinement
T’ of T itself is a direct application of Lemma 5.4 and computing the linked r-tables of
the new nodes is done by |R| applications of Lemma 6.47, but in order to compute the
linked r-tables we must first make 7’ augmented, that is, for each new edge uv com-
pute a minimal representative of (T"[uv],T’[vu]). We use the minimal representatives
of C1, Cs, and Cj returned by the algorithm of Lemma 6.48 for this.

LEMMA 6.49. Let T be a rank decomposition, let r € E(T), and let (r,Cy,Ca,Cs5)
be a global T-improvement. Let w be a monleaf node of T, and let wy and wy be
the r-children of w. Let i,j, and | be such that {i,j,1} = {1,2,3}. Given minimal
representatives of T,.[w1]NC;, T, [wa]NC;, Tr[w], C;, and Cy, a minimal representative
of (T,-[w] N Ci, T [w] N C;) can be computed in 2°F) time.

Proof. As (r,Cy,C5,Cs) is a global T-improvement of T, by Theorem 4.9 and
Proposition 6.3 each of the given minimal representatives has size at most 2%.
It holds that

T,«[w} N Cz = (Tr [wl] N Cz) U (Tr[wg] n Ofi),

so by Lemma 6.6 we obtain a representative of T,.[w] N C; as the union of the given
minimal representatives of T;.[w1] N C; and T [wa] N C;. Tt also holds that

T, lw)NC; =T, [w]UC; =T, [w]UC; UC,
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so again by Lemma 6.6 we obtain a representative of T,.[w] N C; as the union of the
given minimal representatives of T,.[w], C;, and C;. Now we have a representative of
(T, [w] N C;, T [w] N Cy) of size 20 s0 we can use Lemma 6.5 to compute a minimal
representative in time 20*). 0

In particular, a minimal representative of T, [w] is available in (T,R) as R[pw],
where p is the r-parent of w, and minimal representatives of T,.[w1] N C; and T, [ws] N C;
are available by doing the construction in an order towards the root r.

This completes the description of the refinement data structure for augmented
rank decompositions and thus also the proof of Theorem 6.13.

7. Approximating graph branchwidth. In this section we prove the following
theorem.

THEOREM 1.5. There is an algorithm that, given an n-vertex graph G and an
integer k, in time 2°¥)n either computes a branch decomposition of G of width at
most 2k or correctly concludes that the branchwidth of G is more than k.

We start with the definition of branch decomposition of a graph.

DEFINITION 7.1 (border). Let G be a graph and X C E(G). The border dg(X)
of X is the set of vertices of G that are incident to an edge in X and to an edge in
E(G)\ X.

The following result is well known.

PROPOSITION 7.2. The function |5g|: 2F(%) — Z assigning for each X C E(G)
the cardinality |6 (X)| of the border of X is a connectivity function.

A branch decomposition of a graph G is a branch decomposition of function |d¢|,
and the branchwidth of G, denoted by bw(G), is the branchwidth of |é¢|. In the rest
of this section we assume that we are computing the branchwidth of a graph G and
drop the subscript.

For branchwidth we do not need iterative compression as we can use the algorithm
of Korhonen [32] and the connection between branchwidth and treewidth [41] to obtain
a branch decomposition of G of width at most 3k in 2°)n time.

The following is the main lemma, and the whole section is devoted to its proof.

LEMMA 7.3. There is a refinement data structure for branch decompositions of
graphs with time complexity t(k) = 2°%),

With Theorem 2.3 and the aforementioned connections to treewidth, this will
prove Theorem 1.5.

The remaining part of this section is organized as follows. In subsection 7.1 we
define augmented branch decompositions, in subsection 7.2 we introduce the objects
manipulated in our dynamic programming and prove some properties of them. Then
in subsection 7.3 we give the refinement data structure for branch decompositions
using this dynamic programming.

7.1. Augmented branch decompositions. In our refinement data structure
we maintain an augmented branch decomposition. An augmented branch decomposi-
tions stores the border description of each bipartition corresponding to an edge of it.

DEFINITION 7.4 (border description). Let X C E(G). The border description
of X is the pair (6(X), f), where f:§(X) — Z>¢ is the function so that f(v) is the
number of edges in X incident to v.
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An augmented branch decomposition is a branch decomposition 7' where for each
edge uv € E(T) the border descriptions of T[uv] and T'[vu] are stored. Note that an
augmented branch decomposition can be represented in O(|V (T')|bw(T')) space.

The following lemma leads to an algorithm for computing the border descriptions.

LEMMA 7.5. Let X|Y be disjoint subsets of E(G). Given the border descriptions
of X and Y, the border description of X UY can be computed in O(|6(X)| + |6(Y)])
time.

Proof. Let (0(X), f) be the border description of X and (§(Y),g) the border
description of Y. It holds that (X UY) C6(X)Ud(Y"), where (6(X)Ud(Y))\d(X UY)
can be identified as the vertices v for which f(v) + g(v) is the degree of v. Now
(6(XUY), f+g) is the border description of X UY. O

Because §(X) = §(X) and the number of edges in X incident to v is the degree of
v minus the number of edges in X incident to v, the border description of X can be
computed from the border description of X in O(|6(X)]|) time. It follows that, given
a branch decomposition 7', a corresponding augmented branch decomposition can be
computed in O(|V(T)|[bw(T")) time by using Lemma 7.5 O(|V(T)|) times.

7.2. Borders of tripartitions. We define the partial solutions stored in dy-
namic programming tables.

DEFINITION 7.6 (border of a tripartition). Let A C E(G), and let (C1,Cq,C5) be
a tripartition of A. The border of (C1,Cs,C3) is the 9-tuple

(R1,Ra, Ry, 71,172,783, k1, k2, k3),

where for each i € {1,2,3} it holds that R; = 6(C;) N§(A), ri =0 if C; = 0 and
otherwise r; = 1, and k; is the number of vertices v € V(G) \ §(A) such that there
exists an edge e; € C; incident to v and an edge ea € A\ C; incident to v, i.e.,

ki =0(Ci) N6(AN\ Ci) \ 6(A)].

We call a border of tripartition k-bounded if for each ¢ it holds that k; < k. Note
that if |6(A)| < k, then the number of k-bounded borders of tripartitions of A is
< (2F)323k3 = 29() | and each of them can be represented in O(k) space.

We define the composition of borders of tripartitions to combine partial solutions.

DEFINITION 7.7 (composition). Let X and Y be disjoint subsets of E(G), and
let A= XUY. Let Rx = (R, R, R, ri el r kX kst kX)) be the border of
a tripartition of X and Ry = (RY,RY RY r¥ rY rv¥Y kY kY kY) the border of a
tripartition of Y. Denote F'= (6(X)Ud(Y))\ 6(A). The composition of Rx and Ry
is the 9-tuple (Ry, Ro, R3,r1,72,73,k1, ko, k3), where for each i € {1,2,3},

1. Ri=6(A)N(RXURY);

2. r; =max(r,rY); and

3. ki=k* +kY +|F n(RX URY) N (RXURXURY URY)|, where {i,j,1} =
{1,2,3}.

Note that when the sets 6(X), 6(Y), and 6(A) are given and have size < k, the
composition can be computed in O(k) time.

Next we prove that the composition operation really combines partial solutions,
as expected.

LEMMA 7.8. Let X andY be disjoint subsets of E(G), and let A=XUY. If Rx
is the border of a tripartition (C;X,CsX,CxX) and Ry is the border of a tripartition
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(CY,CY,CY), then the composition of Rx and Ry is the border of the tripartition
(C¥ucy,cfucy,cfucy).

Proof. Let VX be the set of vertices incident to X, and VY the set of vertices
incident to Y. Also let F = (§(X)Ud(Y))\d(A). Let i € {1,2,3}, and let j and I be
such that {i,7,1} ={1,2,3}. It holds that

§(CFUCH)=(8(C)Us(CT)) N (8(CF)UB(CT)US(CY)UB(C)) U(A)),
which by §(A) = 6(A) implies
S(CFUCY)NE(A) = (6(C)YUs(CY))Na(A).
Then, because §(A) N VX C§(X) and 6(A) N VY CH(Y), we have

3(CFUCT)Na(A) = (8(CF)US(C))) Na(A)
=((6(CF)NS(X) U B(C)) Na(Y))) N6(A)
(B URY)N4(A),

so the sets Ry, R2, and R3 in the composition are correct.
Let us then show that the numbers k1, ko, and k3 in the composition are correct.
First, note that

6(CFUCY)NS(AN\ (CFUC))\6(A)|
=ls(CXucy)\s(A)
(7.1) =6(CXUCYNF|+|8(CXUCy)\ (FUS(A))|.

By observing that VX N F C §(X) and V¥ N F C4§(Y), we have that

S(CFUC)NF=FN(CX)us(Cy))n((CFyus(Ctyuscryus(cy))
=FN(RFUR )N(RF UR*UR] URY).
Since VX\ (FUJ(A)) =VX\§(X) and VY \ (FUS(A))=VY \§(Y) are disjoint, we
get that
6(CFUCT)\ (FUs(A))
=[(6(CF) N (S(CFF) UGN\ (X)) +(8(C)) N (8(CF YU a(C)) \ 8(Y)
=[6(C;*)NS(X N\ CE)\O(X)|[+[6(C)Na(Y \ C)\8(Y)|
=k 4k
Hence, by (7.1) the numbers ki, ko, and k3 in the composition are correct. The

numbers 71, 72, and r3 are correct by observing that C;X UCY is empty if and only if
both CiX and C} are empty. d

The next lemma gives the method for determining if there exists a W-improvement
based on borders of tripartitions.

LEMMA 7.9. Let T be a branch decomposition, and let wv =r € E(T) and W =
Tluv]. Denote X =W and Y =W. There exists a W-improvement (Cy,Ca,C3) with
arity a and |6(C;)| = k; for each i € {1,2,3} if and only if there exists Rx and Ry
such that
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1. Rx = (R, R, R, ri¥ vl r kX kX k) is the border of the tripartition
(Cy ﬂX,C'gﬂX C’gﬁX)

2. Ry = (RY,RY,RY »¥ ¥ r¥Y kY kY KY) is the border of the tripartition
(C1NY,CanY,C3NY);

3. the composition of Rx and Ry is (0,0,0,r1,72,73,k1,ko,k3), where it holds
that r1 +re+r3=a and k; < |6(W)|/2 for each i; and

4. for each i it holds that kX + |RX| < |6(W)| and k¥ + |RY | < |6(W)].

Proof. Suppose that such Rx and Ry exist. By Lemma 7.8 and the fact that
S(E(G) =0, (0,0,0,r1,r9,73,k1, ke, k3) is the border of (Cy,C5,C3). By the definition
of border we have that k; = |6(C;)| and 71 + ro + r3 is the number of nonempty
sets in (Cy,C%,C3). Tt remains to prove that |§(C; N W)| = kX + |RX| and that
|6(C; "NW)| = kY + |RY| for each i. We have that

S(WNGC;)=(6(WNC)NS(W))U (8(WNC;) NS(W\ Cy))
=(6(XNC)NHX)) U (S(XNC;)NEXN\C))
=(0(XNC)NX)) U (S(XNC)NS(X N\ Ci) NE(X))
UB(XNC)NIX\Cy)\ (X))
=(0(XNC)NIX))U(XNC)NA(X N\ C;) \ 6(X)).

Therefore, by the definition of border,

(6 N.C) NE(X)) U (B(X M) NB(X N\ C)\ 3(X)]
— [8(X N C) NA(X)] + 5(X N C) XN\ Co) \ 8(X)| = |RX | + kX

The other case is symmetric.

The above is the proof of the if direction. The proof for the only if direction is
the same but starting from the supposition that such W-improvement (Cy,Csy,C3)
exists and letting Rx be the border of (C; N X,CoNX,C3N X) and Ry the border
of (Cle,Cng,Cng). ]

7.3. Refinement data structure for graph branch decompositions. In
the refinement data structure for branch decompositions we maintain an augmented
branch decomposition T rooted at edge r € E(T) and a dynamic programming table
that stores for each node w € V(T') all k-bounded borders of tripartitions of T [w]
and information about how many nodes in the r-subtree of w they intersect. We call
this dynamic programming table an r-table to signify that it is directed towards r.

In this subsection we always assume that k is an integer such that bw(7T") <k, and
therefore we only care about k-bounded borders of tripartitions. Next we formally
define the contents of an r-table.

DEFINITION 7.10 (r-table). Let T be a branch decomposition, r € E(T) an edge
of T, weV(T), and A=T,[w]. The r-table of w is the pair (B,T), where B is the
set of all k-bounded borders of tripartitions of A, and T is a function mapping each
R € B to the least integer i such that there exists a tripartition of A whose border is
R and that r-intersects i nodes of the r-subtree of w.

As there are 2% k-bounded tripartitions of T,.[w], the r-table of w can be
represented in 2°%) gpace.

LEMMA 7.11. Let T be an augmented branch decomposition, let r € E(T), and let
w be a nonleaf node of T with r-children wy, and wy. Given the r-tables of wi and
wa, the r-table of w can be constructed in 20(F) time.
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Proof. Denote A = T, [w], X = T,[un], and Y = T, [ws]. Let (By,,Zy,) and
(Buws, Zw,) be the r-tables of wy and ws.
We construct the r-table (B,7) of w as follows. We iterate over all pairs

(Rx,Ry) c Bwl X Bw2

and let B be the set of compositions of those pairs. This correctly constructs B by
Lemma 7.8 and the observation that if (Cy,Cs,C3) is a tripartition of A whose border
is k-bounded, then (C; N X,Cy N X,C3 N X) is a tripartition of X whose border
is k-bounded and (C; NY,CoNY,C3NY) is a tripartition of Y whose border is k-
bounded. For each R € B we set Z(R) as the minimum value of Z,,, (Rx) + Zy, (Ry) +
14 over such pairs Ry, Ry whose composition is R, where i,, = 1 if R is of the
form (...,r1,72,73,...) where r1 + 79 + 75 > 2, and i,, = 0 otherwise. This correctly
constructs Z by the observations that (Ci,Cs,C35) r-intersects a node w’ in the r-
subtree of w; if and only if (C; N X,Cy N X,C3 N X) intersects w’, (Cy,Cs,C3)
r-intersects a node w’ in the r-subtree of wsy if and only if (C; NY,CoNY,C5NY)
intersects w’, and that (Cy,C5,C3) intersects w if and only if 71 + ro + 73 > 2.

As |Buy, ||Buw,| =2°®) | the time complexity is 20(%). O

Now the Init(7, 7) operation can be implemented in |V (T)[2°®) time by first
making T" augmented by 2|V (T')| applications of Lemma 7.5 and then constructing the
k-bounded r-tables of all nodes in the order from leaves to root by |V (T")| applications
of Lemma 7.11. For the Move(vw) operation, we note the r-table of a node x € V(T
depends only on the r-subtree of x, and therefore by Observation 5.8 it suffices to
recompute only the r-table of the node v when using Move(vw). Therefore Move(vw)
can be implemented in 2°(®) time by a single application of Lemma 7.11. The Width()
operation returns |0(7[uv])|, which is available because T is augmented. The Output()
operation is also straightforward as it just returns the branch decomposition we are
maintaining.

The following lemma implements the operations CanRefine() and EditSet() based
on Lemma 7.9.

LEMMA 7.12. Let T be a branch decomposition, and let uwv = r € E(T) and
W = Tluv]. For each node w € V(T) let (By,Zy) be the r-table of w. There is an
algorithm that returns L if there is no W -improvement, and otherwise returns a tuple
(R, N1, No, N3), where (r,Cy,Co,Cs3) is a global T-improvement, R is the edit set of
(r,C1,Co,Cs3), and (N1, Na, N3) is the neighbor partition of R. The algorithm runs
in time 2°%) (|R| 4+ 1).

Proof. Denote X = W = T.[u], Y = W = T,.[v]. We iterate over all pairs
(Rx,Ry) € B, x B,, using Lemma 7.9 to either conclude that there exists no W-
improvement or to find a pair (Rx,Ry) such that there is a global T-improvement
(r,C1,Ca,Cs5) so that Ry is the border of (C1NX,CoNX,C3NX), Ry is the border
of (C1NY,C5NY,C3NY), and the number of nodes of T' r-intersected by (C1,Cy,C3)
is 7, (Rx) + I,(Ry). In time 2°(*) we either find such a pair or conclude that there
is no W-improvement.

We compute the edit set and the neighbor partition with a BFS-type algorithm
that maintains a queue ) containing pairs (w, Ry, ), where w € V(T'), with the invariant
that there exists a global T-improvement (r,C1,Cs,C3) so that for all (w, R,,) that
appear in the queue, R,, is the border of (C; N Ty[w],Co N T,.[w],C5 N T.[w]). We
start by inserting the pairs (u,Rx) and (v,Ry) to Q. We iteratively pop a pair
(w, Ry) from the queue. Denote R,, = (...,r1,72,73,...). If there is i such that
r; = 0 for both j # ¢, then it holds that T,.[w] C C;, and therefore we insert w
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into IV;. Otherwise, we insert w into R, let w; and ws be the r-children of w, and
find a pair (Ry,, Ruw,) € Bw, X By, so that the composition of R, and R, is Ry,
and Zy,, (Ruy, ) + Zuw, (Ruw,) + 1 =Ty (Ry). This kind of pair exists and maintains the
invariant by the definition of r-table and Lemma 7.8.

For each node w € RU Ny U Ny U N3 we iterate over B, x By, and access
some Ecables, so the total amount of work is bounded by |[RU N; U Ny U N3|20(k) =
|R[20 (k). u|

What is left is the Refine(R, (N7, N2, N3)) operation. Computing the refinement
of T is done in O(|R]) time by applying Lemma 5.4. Computing the border descrip-
tions of the newly inserted edges can be done in a bottom-up fashion starting from
N; UN>U N3 by 2|R| applications of Lemma 7.5. Then computing the r-tables of the
newly inserted nodes can be done also in a similar fashion in |R|2°®*) time by |R]
applications of Lemma 7.11.

This completes the description of the refinement data structure for branch de-
compositions and thus also the proof of Theorem 7.3.

Appendix. Definitions of treewidth and cliquewidth.

Treewidth. A tree decomposition of a graph G is a pair (X,T), where T is a tree
whose vertices we will call nodes and X = ({X; |7 € V(T)}) is a collection of subsets
of V(@) such that

1. UiEV(T) Xl = V(G),

2. for each edge (v,w) € E(G), there is an i € V(T') such that v,w € X;; and

3. for each v € V(G) the set of nodes {i | v € X;} forms a subtree of T.
The width of a tree decomposition ({X; |i € V(T')},T) equals max;cy (p){|Xi| — 1}
The treewidth of a graph G is the minimum width over all tree decompositions of G.

Cliqguewidth. Let G be a graph, and let k be a positive integer. A k-graph is a
graph whose vertices are labeled by integers from {1,2,...,k}. We call the k-graph
consisting of exactly one vertex labeled by some integer from {1,2,...,k} an initial
k-graph. The cliquewidth is the smallest integer k such that G can be constructed by
means of repeated application of the following four operations on k-graphs:

e introduce: construction of an initial k-graph labeled by ¢ and denoted by i(v)
(that is, i(v) is a k-graph with a single vertex);

e disjoint union (denoted by ®);

e relabel: changing all labels ¢ to j (denoted by p;_,;); and

e join: connecting all vertices labeled by ¢ with all vertices labeled by j by
edges (denoted by 7; ;).

Using the symbols of these operation, we can construct well-formed expressions.
An expression is called k-expression for G if the graph produced by performing these
operations, in the order defined by the expression, is isomorphic to G when labels are
removed, and the cliquewidth of G is the minimum k such that there is a k-expression
for G.
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