Downloaded 12/16/24 to 129.177.146.15 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

SIAM J. DISCRETE MATH. © 2024 Society for Industrial and Applied Mathematics
Vol. 38, No. 4, pp. 2721-2749

LONGEST CYCLE ABOVE ERDOS-GALLAI BOUND*

FEDOR V. FOMINT, PETR A. GOLOVACHT, DANIL SAGUNOV?, AND
KIRILL SIMONOVS

Abstract. In 1959, Erdés and Gallai proved that every graph G with average vertex degree
ad(G) > 2 contains a cycle of length at least ad(G). We provide an algorithm that for k¥ > 0, in
time 20() . n©) decides whether a 2-connected n-vertex graph G contains a cycle of length at
least ad(G) + k. This resolves an open problem explicitly mentioned in several papers. The main
ingredients of our algorithm are new graph-theoretical results interesting on their own.
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1. Introduction. The circumference of a graph is the length of its longest
(simple) cycle. In 1959, Erdés and Gallai [5] gave the following, now classical, lower
bound for the circumference of an undirected graph.

THEOREM 1.1 (Erdés and Gallai [5]). Every graph with n vertices and more than
3(n— 1)l edges ({>2) contains a cycle of length at least £ + 1.

We provide an algorithmic extension of the Erdés—Gallai theorem: A fixed-
parameter tractable (FPT) algorithm with parameter k, that decides whether the
circumference of a graph is at least £ + k. To state our result formally, we need a
few definitions. For an undirected graph G with n vertices and m edges, we define
(pc(G) = 2. Then by the Erdés-Gallai theorem, G always has a cycle of length at
least {pa(G) if ¢pc(G) > 2. The parameter {gg(G) is closely related to the average
degree of G, ad(G) = 277” It is easy to see that for every graph G with at least two
vertices, {pg(G) — 1 <ad(G) < Llgg(G).

The mazimum average degree mad(G) is the maximum value of ad(H) taken over
all induced subgraphs H of G. Note that ad(G) < mad(G) and mad(G) — ad(G) may
be arbitrarily large. By Goldberg [14] (see also [12]), mad(G) can be computed in
polynomial time. By Theorem 1.1, we have that if ad(G) > 2, then G has a cycle of
length at least ad(G) and, furthermore, if mad(G) > 2, then there is a cycle of length
at least mad(G). Based on this guarantee, we define the following problem.
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LoNGEST CYCLE ABOVE MAD

Input: A graph G on n vertices and an integer k > 0.
Task: Decide whether G contains a cycle of length at least mad(G) + k.

Our main result is that this problem is FPT parameterized by k. More precisely,
we show the following.

THEOREM 1.2. LONGEST CYCLE ABOVE MAD can be solved in time 2°*) .n0(1)
on 2-connected graphs.

While Theorem 1.2 concerns the decision variant of the problem, its proof may be
easily adapted to produce a desired cycle if it exists. We underline this because the
standard construction of a long cycle, which for every e € E(G) invokes the decision
algorithm on G — e, does not work in our case, as edge deletions decrease the average
degree of a graph.

Theorem 1.2 has several corollaries. The following question was explicitly stated
in the literature [7, 10]. For a 2-connected graph G and a nonnegative integer k,
how difficult is it to decide whether G has a cycle of length at least ad(G) + k?
According to [10], it was not known whether the problem parameterized by k is FPT,
W[1]-hard, or Para-NP. Even the simplest variant of the question, whether a path
of length ad(G) + 1 can be computed in polynomial time, was open. Theorem 1.2
resolves this question because mad(G) > ad(G) for every graph G. Then in the case
ad(G) + k < mad(G), deciding whether G has a cycle of length at least ad(G) + k is
trivial. Otherwise, we set k' = (ad(G) + k) — mad(G) < k and call the algorithm from
Theorem 1.2 for the instance (G, k') of LONGEST CYCLE ABOVE MAD.

COROLLARY 1.3. For a 2-connected graph G and a nonnegative integer k, decid-
ing whether G has a cycle of length at least ad(G)+k can be done in time 2°%) .nO1),

Similarly, we have the following corollary.

COROLLARY 1.4. For a 2-connected graph G and a nonnegative integer k, de-

ciding whether G has a cycle of length at least {gc(G) + k can be done in time
90(k) . ,O(1)

An undirected graph G is d-degenerate if every subgraph of G has a vertex of
degree at most d, and the degeneracy of G is defined to be the minimum value of d
for which G is d-degenerate. Since a graph of degeneracy d has a subgraph H with at
least d- |V (H)|/2 edges, we have that d < ad(H) < mad(G). Therefore, Theorem 1.2
implies the following corollary, which is the main result of [7].

COROLLARY 1.5 (see [7]). For a 2-connected graph G of degeneracy d, deciding
whether G has a cycle of length at least d + k can be done in time 2°0%) . nO1),

Theorem 1.1 provides the same lower bound on the number of vertices in a longest
path. We consider the LONGEST PATH ABOVE MAD problem that, given a graph G
and integer k, asks whether G has a path with at least mad(G) + k vertices. Observe
that a graph G has a path with ¢ vertices if and only if the graph G’, obtained by
adding to G a universal vertex that is adjacent to every vertex of the original graph,
has a cycle with £ + 1 vertices. Because it can be seen that mad(G) < mad(G’) <
mad(G) + 2, Theorem 1.2 yields the following.

COROLLARY 1.6. LONGEST PATH ABOVE MAD can be solved in time 2°*).n0(1)
on connected graphs.
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We complement Theorem 1.2 by observing that the 2-connectivity condition is
crucial for tractability due to the fact that the considered properties are not closed
under taking biconnected components. In particular, it may happen that every long
cycle of a graph is in a biconnected component of a small average degree. This
observation yields the following theorem.

THEOREM 1.7. It is NP-complete to decide whether an n-vertex connected graph
G has a cycle of length at least (pc(G) +1 (mad(G) + 2, respectively).

The single-exponential dependence in k of the algorithm in Theorem 1.2 is asymp-
totically optimal: It is unlikely that LONGEST CYCLE ABOVE MAD can be solved
in 2°(%) . p©W time. This immediately follows from the well-known result (see, e.g.,
[3, Chapter 14]) that the existence of an algorithm for HAMILTONIAN CYCLE with
running time 2°(") would refute the Ezponential Time Hypothesis (ETH) of Impagli-
azzo, Paturi, and Zane [15]. Thus LONGEST CYCLE ABOVE MAD cannot be solved
in 2°(F) . nOM) time, unless ETH fails.

Comparison with the previous work. Two of the recent articles on the circumfer-
ence of a graph above guarantee are most relevant to our work. The first is the paper
of Fomin et al. [7] who gave an algorithm that in time 2°®) . n®M) for a 2-connected
graph G of degeneracy d, decides whether G has a cycle of length at least d + k. In
the heart of their algorithm is the following “rerouting” argument: If a cycle hits a
sufficiently “dense” subgraph H of G, then this cycle can be rerouted inside H to
cover all vertices of H. The main obstacle on the way of generalizing the result of
Fomin et al. [7] “beyond” the average degree was the lack of rerouting arguments in
graphs of large average degree.

The rerouting arguments in the proof of Theorem 1.2 use the structural properties
of dense graphs developed in the recent work of Fomin et al. [10] (see [9] for the full
version) on the parameterized complexity of finding a cycle above Dirac’s bound. We
remind the reader that by the classical theorem of Dirac [4], every 2-connected graph
has a cycle of length at least min{26(G),|V(G)|}, where §(G) is the minimum degree
of G. Fomin et al. gave an algorithm that in time 20*+1BD.n0() decides whether a 2-
connected graph G contains a cycle of length at least min{2§(G— B), |V (G)|—|B|}+k,
where B is a given subset of vertices which may have “small” degrees. The result of
Fomin et al. [9, 10] is “orthogonal” to ours in the following sense: It does not imply
Theorem 1.2 and Theorem 1.2 does not imply the theorem from [9]. However, the
tools developed in [9], in particular, the new type of graph decompositions called
Dirac decompositions, appear to be useful in our case too.

From a more general perspective, our work belongs to a popular subfield of pa-
rameterized complexity concerning parameterization above/below specified guaran-
tees. In addition to [10, 7], the parameterized complexity of paths and cycles above
some guarantees was studied in [2, 16] and [8].

2. Overview of the proof of the main result. Here we outline the critical
technical ideas leading to our main result, Theorem 1.2. We first explain our tech-
niques for the LONGEST CYCLE ABOVE AD problem. Let us remind the reader that
in this problem, the task is to decide whether a graph G has a cycle of length at least
ad(G) + k. (The difference with mad is that we do not take the maximum over all
subgraphs.)

The nucleus of our proof is a novel structural analysis of dense subgraphs in
graphs with large average degrees. Informally, we prove that if there is a cycle of
length at least ad(G) + k in G, then G contains a dense subgraph H and a long (of

Copyright (C) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/16/24 to 129.177.146.15 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2724 F. FOMIN, P. GOLOVACH, D. SAGUNOV, AND K. SIMONOV

St

=

F1G. 1. A cycle revolving around H. The segments of the cycle outside H are shown in green
and the segments inside H are in blue. Note: color appears only in the online article.

length at least ad(G) + k) cycle C that “revolves” around H (see Figure 1). By that,
we mean the following. First, the number of times cycle C' enters and leaves H is
bounded by O(k). Second, C' contains at least ad(G) — ck vertices of H for some
constant ¢. Moreover, we need a way stronger “routing” property of H. Basically
for any possible “points of entry and departure” of cycle C' in H, we show that these
pairs of vertices could be connected in H by internally vertex-disjoint paths of total
length at least ad(G) — ck. Furthermore, such paths could be found in polynomial
time. Then everything boils down to the following problem. For a given subgraph H
of G, we are looking for at most k internally vertex-disjoint paths outside H of total
length Q(k), where each path starts and ends in H. This task can be done in time
20(F) . n©) by making use of color coding. Finally, if we find such paths, then we
could complete them to a cycle of length at least ad(G) + k by augmenting them by
the paths inside H.

Identifying dense subgraph H. Notice that we can assume that ad(G) > ak for a
sufficiently big positive constant «. Otherwise, we can solve the problem in 20) .
n®M time using the known algorithm for LoNGEST CYCLE [11]. We start with
preprocessing rules allowing us to get rid of “useless” parts of the graph. If there
is a vertex v of degree less than %ad(G), then the removal of v does not decrease
the average degree. Notice that the graph obtained by the iterative removal of low
degree vertices may become disconnected. Then it suffices to keep only the densest of
the connected components, as its average degree is at least the average degree of G.
Similarly, if the graph is connected but has a cut-vertex, keeping the densest block
also suffices. By applying these reduction rules exhaustively, we find an induced
2-connected subgraph H of G whose minimum degree §(H) > %ad(H) > 1ad(G).
Similarly to removing sparse blocks, if H contains a vertex separator X of size two
such that there is a “sparse” component A of H — X, then A can be removed. By
applying the last reduction rule we either find a cycle of length at least ad(G) + k or
can conclude that the resulting subgraph H is 3-connected.

If (G,k) is a yes-instance, that is, graph G contains a cycle of length at least
ad(G) + k, there are two possibilities. Either in G a cycle of length at least 26(H) + k
“lives” entirely in H, or it passes through some other vertices of G. If a long cycle is
entirely in H, we can employ the recent result of Fomin et al. [9] that finds in time
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20(k).nO() in a 2-connected graph G a cycle of length at least 26(G) +k > ad(G) + k.
However, if no long cycle lives entirely in H, the result of Fomin et al. is not applicable.

The next step of constructing H crucially benefits from the graph-theoretical
result of Fomin et al. [9]. Specifically, we use the theorem about the Dirac decom-
position from [9]. The definition of the Dirac decomposition is technical and we give
it in section 4. For 2-connected graphs, the Dirac decomposition imposes a very in-
tricate structure. However, since, thanks to the reduction rules, H is 3-connected,
we bypass most of the technical details from [9]. Informally, the Dirac decomposition
leads to the following win-win situation. By Dirac’s theorem [4], graph H contains
a cycle S of length at least 20(H) > ad(G). Moreover, we could find such a cycle in
polynomial time. By the result of Fomin et al. [9], if the length of S is less than
20(H) + k, then either S can be enlarged in polynomial time, or (a) H is small, that
is, |V(H)| < ad(H) + k, yielding that H is extremely dense; or (b) H has a vertex
cover of size 1ad(H) — O(k). If S got enlarged, we iterate until we achieve cases (a)
or (b). If we are in case (a), the construction of H is completed. In case (b), we
need to prune the obtained graph a bit more. More specifically, we can delete O(k)
vertices in the vertex cover and select a subset of the independent set to achieve the
property that (i) each of the remaining vertices in the vertex cover is adjacent to at
least ad(H ) — O(k) vertices in the selected independent subset, and (ii) every vertex of
the selected subset of the independent set sees nearly all vertices of the vertex cover.
This means that the obtained induced subgraph is also dense, albeit in a different
sense. Depending on the case, we use different arguments to establish the routing
properties of H.

Routing in H. The case (a), when |V(H)| < ad(H) + k, is easier. In this case,
the degrees of almost all vertices are close to |[V(H)|. Let S = {z1y1,...,2eye} be
an arbitrary set of O(k) pairs of distinct vertices of H forming a linear forest (that
is, the union of x;y; is a union of disjoint paths). The intuition behind S is that z;
corresponds to the vertex from where the long cycle leaves H and y; when it enters H
again. We show first how to construct a cycle in H + S (that is, the graph obtained
from H by turning the pairs of S into edges) containing every pair x;y; from S as
an edge. This is done by performing constant-length jumps: Any two vertices can be
connected either by an edge, or through a common neighbor, or through a sequence of
two neighbors. Then we extend the obtained cycle to a Hamiltonian cycle in H +5—
every vertex of H that is not yet on a cycle can be inserted due to the high degrees
of the vertices. The extension of S into a Hamiltonian cycle is shown in Figure 2(a).

e

a) b) ¢)

FiG. 2. Constructing cycles. The set of pairs S that may be both edges and nonedges of H is
shown by red lines and the extension of S into a long cycle is blue. The paths revolving around H
are green. The vertex cover in (c) is denoted by A. Note: color appears only in the online article.
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Therefore, if there is a collection of at most k internally vertex disjoint paths going
outside from H and returning back, the high density of H allows collecting all of them
in a cycle containing all the vertices of H. Together with all the additional vertices
these paths visit outside of H, we construct a long cycle in G (see Figure 2(b)). The
only condition is that these paths have to form a linear forest. Thus, if we find a
collection of such paths with enough internal vertices, we immediately obtain a long
cycle revolving around H. The crucial part of the proof is to show that if there is any
cycle of length at least ad(H) + & in G, then it can be assumed to have this form.

Let us remark that a similar rerouting property was used by Fomin et al. [7] in
their above-degeneracy study. Actually, for case (a), we need only a minor adjustment
of the arguments from [7]. However, in the “bipartite dense” case (b), the structure
of the dense subgraph H is more elaborate and this case requires a new approach.
Contrary to case (a), the long cycle that we construct in H+.5 is not Hamiltonian but
visits all the vertices of the vertex cover (see Figure 2(c)). In this case, the behavior
of paths depends on which part of H they hit. Because of that, while establishing
the routing properties, we have to take into account the difference between paths
connecting vertices from the vertex cover, independent set, and both. Pushing the
rerouting intuition through, in this case, turns out to be quite challenging.

Final steps. After finalizing the rerouting arguments above, it only remains to
design an algorithm that checks whether there exists a collection of paths in G that
start and end in H and have at least a certain number of internal vertices in total. We
do it with a color-coding-style approach. For case (a), such a subroutine has already
been developed in the above-degeneracy case [7]. On the other hand, for the bipartite
dense case (b) we need to impose an additional restriction on the desired paths, as the
length of the final cycle also depends on how the paths’ end-vertices are distributed
between the two parts and we have to incorporate these kinds of constraints in our
path-finding subroutine.

Finally, to solve LONGEST CYCLE ABOVE MAD, we use the fact that given a
graph G, we can find an induced subgraph F' with ad(F) = mad(G) in polynomial
time by the result of Goldberg [14] (see also [12]). Then we find a dense subgraph
H of F with the described properties and use H to find a cycle of length at least
mad(G) + k.

3. Preliminaries. In this section, we introduce basic notations, and a series of
previously known results that will be helpful to us.

We consider only finite undirected graphs. For a graph G, V(G) and E(G) denote
its vertex and edge sets, respectively. Throughout the paper, we use n = |V(G)| and
m = |E(G)| whenever the considered graph G is clear from the context. For a graph
G and a subset X C V(G) of vertices, we write G[X] to denote the subgraph of G
induced by X. We write G — X to denote the graph G[V (G)\ X]; for a single-element
set X = {x}, we write G — x. Similarly, if Y is a set of pairs of distinct vertices,
G-Y = (V(G),E(G)\Y). For a set Y of pairs of distinct vertices of G, G +Y
denotes the graph (V(G), E(G)UY), that is, the graph obtained by adding the edges
in Y\ E(G); slightly abusing notation we may denote the pairs of such a set Y in the
same way as edges. For a vertex v, we denote by Ng(v) the (open) neighborhood of
v, i.e., the set of vertices that are adjacent to v in G. A set of vertices X is a vertex
cover of G if for every edge zy of G, z € X or y € X.

A path P in G is a subgraph of G with V(P) = {v,...,v;} and E(P) ={v;_1v; |
1 <4< /{}. We write vguy ---vg to denote P; the vertices vy and v, are end-vertices
of P, the vertices vs,...,vp are internal, and ¢ is the length of P. For a path P
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with end-vertices s and ¢, we say that P is an (s,t)-path. Two paths P; and P, are
internally disjoint if no internal vertex of one of the paths is a vertex of the other;
note that end-vertices may be the same. For two internally disjoint paths P; and Ps
having one common end-vertex, we write P, P to denote the concatenation of P; and
P,. A graph F is a linear forest if every connected component of F is a path. Let S
be a set of pairs of distinct vertices of G; they may be either edges or nonedges. We
say that S is potentially cyclable if (V(G),S) is a linear forest. A cycle is a graph C
with V(C) = {vy,...,ve} for £ > 3 and E(C) = {v;—1v; | 1 <i < £}, where vy = vy.
We may write that C = vy ---vp. A cycle C (a path P, respectively) is Hamiltonian
if V(C)=V(G) (V(P)=V(Q), respectively). A graph G is Hamiltonian if it has a
Hamiltonian cycle.

A set of vertices S is a separator of a connected graph G if G — S is disconnected.
For a positive integer k, G is k-connected if |V (G)| > k and for every set S of at most
k—1 vertices, G— S is connected. If S ={wv} is a separator of size one, then v is called
a cut-vertex. Note, in particular, that a connected graph with at least three vertices
is 2-connected if it has no cut-vertex. A block of a connected graph with at least two
vertices is an inclusion-wise maximal induced subgraph without cut-vertices, that is,
either a 2-connected graph or K.

The degree of a vertex v in a graph G is dg(v) = |Ng(v)|. The minimum degree
of G is 6(G) = min{dg(v) | v € V(G)}. For a nonempty set of vertices X, the
average degree of X is adg(X) = |)1(7|ZveX dg(v), and the average degree of G is
ad(G) = ad¢(V(G)) = 2%. The maximum average degree is mad(G) = max{ad(H) |
H is induced subgraph of G}.

The following observation about the circumference lower bound g (G) and the
average degree of G is useful for us.

Observation 1. For every graph G with at least two vertices {gg(G)—1 < ad(G) <
lpa(G).

Goldberg [14] proved that, given a graph G, an induced subgraph H of maximum
density, that is, a subgraph with the maximum value |5Egg|‘, can be found in poly-
nomial time. This result was improved by Gallo, Grigoriadis, and Tarjan [12]. Note
that if H is an induced subgraph of maximum density, then mad(G) = ad(H).

PROPOSITION 3.1 (see [12]). An induced subgraph of the mazimum density of a
given graph G can be found in O(nmlog(n?/m)) time.

We recall Dirac’s theorem and point out that there are algorithmic proofs that
construct actual cycles of length at least min{2§(G),n} in polynomial time (see, e.g.,
[17]).

ProPOSITION 3.2 (Dirac [4, Theorem 4]). Every 2-connected graph G with §(G)
> 2 contains a cycle of length at least min{26(G),n} and, furthermore, such a cycle
can be found in polynomial time.

We use the lower bound on the length of a longest (s,t)-path in a 2-connected
graph via the average degree obtained by Fan [6].

PROPOSITION 3.3 (see [6, Theorem 1]). Let s and t be two distinct vertices in a
2-connected graph G. Then G has an (s,t)-path of length at least adg(V(G) \ {s,t}).

Notice that the proof of Proposition 3.3 in [6] is constructive and a required path
can be found in polynomial time.
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It is wellknown that LONGEST CYCLE, which asks whether a graph has a cycle of
length at least k, can be solved in 2°®) . n@(M) time. The currently best deterministic
algorithm is due to Fomin et al. [11].

PROPOSITION 3.4 (see [11]). LONGEST CYCLE can be solved in 4.884% . n©(1)
time.

The task of LONGEST (s,t)-PATH is, given a graph G with two terminal vertices
s and t, and a positive integer k, decide whether G has an (s,t)-path with at least k
vertices. Fomin et al. [11] proved that this problem is FPT when parameterized by k.

PROPOSITION 3.5 (see [11]). LONGEST (s,t)-PATH can be solved in 2°*) . nO1)
time.

4. Finding a dense subgraph. Here we show that given an instance of LONG-
EST CYCLE ABOVE MAD, we can in polynomial time either solve the problem or
find a dense induced subgraph of the input graph. This part crucially depends on
structural and algorithmic results obtained by Fomin et al. in [9]. To describe these
results, we have to define the notion of the Dirac decomposition introduced in [9]
(see Definition 5) even if the only property that we need is that a 3-connected graph
does not admit such a decomposition. A leaf-block of a connected graph having a
cut-vertex is a block containing exactly one cut-vertex of the original graph. A vertex
of a leaf-block is inner if it is distinct from the cut-vertex in this block. The definition
in [9] uses a set B of vertices of small degrees that could be removed from the graph.
For our purposes, we adapt the special case of the Dirac decomposition corresponding
to [9, Definition 5] with B = .

DEFINITION 4.1 (Dirac decomposition [9]). Let G be a 2-connected graph and let
C be a cycle in G of length at least 26(G). Two disjoint paths Py and Py in G induce
a Dirac decomposition for C' in G if the following hold.
(i) The cycle C is of the form C = Py P'P,P", where each of the paths P’ and
P" has at least 6(G) — 2 edges.
(ii) For every connected component H of G — V(Py U Py), one of the following
holds:
— H is 2-connected and the mazimum size of a matching in G between V (H)
and V(Py) is one, and between V(H) and V(Py) is also one;
— H is not 2-connected and has at least three vertices (i.e., has a cut-
vertex), exactly one vertex of Py has neighbors in H, that is, |Ne(V(H))N
V(P1)| =1, and no inner vertex from a leaf-block of H has a neighbor in
PQ,’
— H is not 2-connected and has at least three vertices (i.e., has a cut-vertex),
[Na(V(H))NV(P:)| =1, and no inner vertex from a leaf-block of H has
a neighbor in Py.
(iii) There is exactly one connected component H in G —V (P, UPy) with V(H) =
V(P)\{s',t'}, where s' and t' are the end-vertices of P'. Analogously, there
is exactly one connected component H in G—V (P UP,) with V(H) =V (P")\
{s",t"}, where s" and t" are the end-vertices of P".

Fomin et al. [9, Lemma 20] proved the following algorithmic result.!

PROPOSITION 4.2 (see [9, Lemma 20]). Let G be a 2-connected graph with 6(G) <

5 and let k be an integer such that 0 <k < ié(G), Then there is an algorithm that,

1'We give a simplified variant of [9, Lemma 20] for B = 0.
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given a non-Hamiltonian cycle C' of length less than 26(G) + k, in polynomial time
finds either

e a longer cycle in G, or

e a vertex cover of G of size at most 6(G) + 2k, or

e two paths Py, Py that induce a Dirac decomposition for C' in G.

We use the corollary of Proposition 4.2 for 3-connected graphs.

COROLLARY 4.3. Let G be a 3-connected graph and k be an integer such that
0<k< ié(G). Then there is an algorithm that, given a cycle C of length less than
20(G) + k, in polynomial time either

e returns a longer cycle in G, or
e returns a vertex cover of G of size at most 6(G) + 2k, or
e reports that C' is Hamiltonian.

Proof. To see the claim, observe that by condition (i) of the definition of a
Dirac decomposition, any 2-connected graph G admitting such a decomposition has a
separator of size 2 and, therefore, is not 3-connected. Indeed, following the notation
from the definition, let H be a connected component of G — V(P U P;). Note that
|V(H)| >3. If H is 2-connected, then the maximum size of a matching in G between
V(H) and V(P;) is one, and between V(H) and V(P,) is also one. Then one can
choose an end-vertex of each edge of the matching between V(H) and V(P )UV (P2) in
such a way that these two vertices separate a vertex of H and a vertex of V(P )UV (Pz).
Suppose that H is not 2-connected and exactly one vertex u of P, has neighbors in
H and no inner vertex from a leaf-block of H has a neighbor in P,. Then because
G is 2-connected, u has a neighbor v in a leaf-block L of H distinct from the unique
cut-vertex w of L. Thus, u and w form a separator of size 2 in G. The last case from
(ii) is symmetric.

By the condition of Corollary 4.3, G is 3-connected. Thus, G has no separator of
size 2. By the above claim, we obtain that G does not admit a Dirac decomposition
for C.

Observe that it can be easily verified whether C' is a Hamiltonian cycle. If this
holds, we report that C' is Hamiltonian and stop. Suppose that this is not the case
and |[V(C)| <n. If §(G) > 2 then by Proposition 3.2, G has a Hamiltonian cycle C’
which can be constructed in polynomial time. In this case, our algorithm returns C”
and stops. From now on, we assume that 6(G) < 5. Then we can apply the algorithm
from Proposition 4.2. Because G has no Dirac decomposition for C, the algorithm
either finds a longer cycle or returns a vertex cover of G of size at most §(G) + 2k
which we return and stop. This completes the proof. 0

We use Corollary 4.3 to show the following crucial lemma that allows us to either
find a solution cycle or obtain a dense induced subgraph H forming the “core” of a
potential solution. Such a graph H either has a bounded size and is very dense or is
a dense graph with a vertex cover of bounded size.

LEMMA 4.4. There is a polynomial-time algorithm that, given an instance (G, k)
of LONGEST CYCLE ABOVE MAD, where 0 <k < g-mad(G) — 1, either
(i) finds a cycle of length at least mad(G) + k in G, or
(ii) finds an induced subgraph H of G with ad(H) > mad(G) —1 such that 6(H) >
1ad(H) and |V(H)|<ad(H)+k+1, or
(iii) finds an induced subgraph H of G such that there is a partition {A, B} of
V(H) with the following properties:
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— B s an independent set;

- smad(G) — 4k < |A|;

— for everyv e A, |[INg(v) N B| >2|A|;
— for everyve B, dg(v) > |A| — 2k — 2.

Proof. Let G be a graph and let k < g-mad(G) — 1 be a positive integer. First,
we apply Proposition 3.1 and find a densest induced subgraph H of G. Then we
apply a series of reduction rules to H. It is slightly more convenient for us to use
e (H) as a measure of density. Note that (g (H) > ad(H) =mad(G) > {ga(H) —1
by Observation 1. Our reduction rules delete some vertices of H without decreasing
lgc(H). However, it may happen that the average degree gets smaller, but since we
do not decrease {gg(H), the total decrease of the average degree is at most one.

The first three rules follow the classical proof of Theorem 1.1.

REDUCTION RULE 4.1. If H is disconnected, then find a connected component F
of H with the mazimum value of g (F) and set H:=F.

The following rule is the reason why we switched from the average degree to the
Erdés—-Gallai bound.

REDUCTION RULE 4.2. If H is connected but not 2-connected, then find a block
F of H with the maximum value of {pc(F) and set H :=F.

REDUCTION RULE 4.3. If H has a vertex v with dg(v) < $lpc(H), then set
H:=H—v.

The next rule is more complicated.

REDUCTION RULE 4.4. If H is 2-connected and has a separator S of size two
such that there is a component F of G — S with ady (V(F)) < 2{gc(H), then delete
the vertices of F.

The Rules 4.1-4.4 are applied exhaustively whenever one of them is applicable.
In the next claim, we show that this does not decrease the density of the graph.

CLAIM 4.1. Let H' be the graph obtained by the exhaustive application of Rules 4.1-
44 to H. Then bpg(H') > lpc(H) and ad(H') > lgg(H') — 1> mad(G) — 1.

Proof of Claim 4.1. Tt is sufficient to show the claim for H' obtained by applying
either of the rules once. Let d ={gg(H), and we use n and m to denote the number
of vertices and edges, respectively, in H. For Rules 4.1-4.3, the proof follows the
classical proof of Theorem 1.1; we provide the arguments here for completeness.

To see the claim for Rule 4.1, assume that H is a disjoint union of F} and F5.
Denote by n; and m; the number of vertices and edges, respectively, in F; for i € {1,2}.
We claim that £gg(F1) > d or £gg(Fs) > d. To obtain a contradiction, assume that
lgpc(F1) <d and {gg(F3) <d. Then 2m; < d(ny — 1) and 2ms < d(ny —1). We have
that 2m = 2my + 2ms < d(ny +ng — 1) —d < d(n — 1) contradicting % =d. This
shows that Rule 4.1 is safe.

The safety of Rule 4.2 is proved similarly. Suppose that H is connected and let
v be a cut-vertex of H. Let {X,Y} be a separation of H corresponding to v, that
is, XUY =V(H), XNY = {v}, and no vertex of X \ 'Y is adjacent to a vertex
of Y\ X. Let F; = H[X] and F» = H[Y]. As above, we use n; and m; to denote
the number of vertices and edges, respectively, in F; for i € {1,2}. We clam that
lpa(F1) >dor fgg(Fy) > d. The proof is by contradiction. Assume that {pq(F1) <d
and {pg(Fz) < d. Then 2my < d(ny — 1) and 2my < d(ny —1). We have that
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2m = 2mq + 2mg < d(ny + n2 — 2) =d(n — 1). However, this means that % <d; a
contradiction. This proves the claim for Rule 4.2.

For Rule 4.3, let v € V/(H) be a vertex with dy (v) < 3¢pg(H) and let H' = H —v.
Then
2m — 2d g (v) S 2m—d _2m—2m/(n—1) 2m _d

n—2 T~ n—2 n—2 n—1

lpa(H') =

as required.

Finally, we deal with Rule 4.4. Suppose that H is 2-connected and H has a
separator S of size two such that there is a component F of G — S with adgy (V(F)) <
20p(H). Let ny and my be the number of vertices and edges in F', respectively. We
have that H' = H — V(F'). Denote by ns and ms the number of vertices and edges,
respectively, in H'. We have to prove that £gg(H’) > d. Assume that this is not the
case and ¢gg(H') <d. Then 2mg < d(n2 — 1). Since each vertex of S is adjacent to
at most ny vertices of V(F) in G and ady (V(F)) < 2d, we have that for the number
of edges m} of H[V(F)US]— E(H[S)]),

2 1
2m) < gdnl +2ny =dni +2nq — gdnl

and, since m =m/ + ma,

2m <dn1+2n17dn1/3+d(n271):dinl d/3—2

4.1 Y4 H)= _—
(4.1) we(H) n—1 ni+ng—1 ni+ng—1

As d > mad(G) > 6, we obtain that £d —2> 0 and by (4.1), {pc(H) < d; a contradic-
tion. Therefore, {p(H') > d as required. This proves that {pg(H') > lpq(H).

For the second part of the claim, recall that ad(H) = mad(H). Then by Obser-
vation 1 and because lgpg(H') > bpc(H), ad(H') > bgc(H') — 1 > bgg(H) — 1 >
ad(H) — 1> mad(G) — 1. This concludes the proof. 0

For simplicity, from now on we use the same notation H for the graph obtained
by the exhaustive application of Rules 4.1-4.4.

Because Rules 4.1 and 4.2 are not applicable, we have that H is 2-connected. Sup-
pose that H has a separator S = {z,y} of size two. Let Fy and F5 be two connected
components of H — 5. Because of Rule 4.4, ady (V(F;)) > 2{pc(H) for i € {1,2}.
Let F] = H[V(F;) US| for i € {1,2}. By Proposition 3.3, F] has an (z,y)-path P;
of length at least %EEg(H). In the same way, Fj has an (z,y)-path P, of length at
least %EEG (H). Concatenating these paths we obtain the cycle C' whose length is al
least 3¢pc(H) > 3mad(G). Because 0 < k < gsmad(G) — 1, C is a cycle of length
at least mad(G) + k. Then our algorithm returns C' and stops as is required in (i).

Assume from now on that H has no separator of size two. Because |V(H)| >
ad(H) +1 > ¢geg(H) > 3, H is 3-connected. Because Rule 4.3 is not applicable,
§(H) > ilpc(H). Let k' = [mad(G)] +k—20(H) < k+1. Observe that H has a cycle
of length at least mad(G) + k if and only if H has a cycle of length at least 26(H ) +k£’.

Notice that by our definition of k', it may happen that &’ < 0. In this case, G
has a cycle C of length at least min{|V(H)|,26(H)} by Proposition 3.2 and C' can be
constructed in polynomial time. If the length of C' is at least 26(H) + k' = mad(G) + k
then our algorithm returns C' and stops. Assume that the length of C' is less than
26(H) + k' < 25(H). Then the length of C is |[V(H)|, that is, C is a Hamiltonian
cycle of H. Since mad(G)+k=26(H)+ k' and ad(H) > mad(G) — 1 by Claim 4.1, we
have that |V (H)|=|V(C)| <26(H) + k' =mad(G) + k < ad(H) + k + 1. Recall that
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§(H) > 3lpc(H) and {ge(H) > ad(H) by Observation 1. Then §(H) > 4lpc(H) >
1ad(H). Taking into account that ad(H) > mad(G) — 1 by Claim 4.1, we conclude
that H satisfies condition (ii) of the lemma. Then we return H and stop.

From now on we assume that &’ > 0. Recall that H is 3-connected and &' < k+1 <
%mad(G) < ié(H). This allows us to apply Corollary 4.3. We find an arbitrary cycle
in H and apply the algorithm from Corollary 4.3 for H and k' iteratively while the
algorithm produces a longer cycle. Let C be the cycle of maximum length produced
by the algorithm.

If the length of C is at least 20(H)+k’, then the length of C is at least mad(G) +k&
and we solved the problem. In this case, we return C' and stop. Assume that the
length of C' does not exceed 26(H) + k' — 1. Suppose that the algorithm constructed
a Hamiltonian cycle. This means that |V(H)| < 26(H) + k' — 1 < lpg(H) + k <
ad(H)+k+1. Since ad(H) > mad(G) —1 and §(H) > Llpc(H) > 2ad(H), H satisfies
(ii). Then we return H and stop. It remains to consider the last case when the
algorithm from Corollary 4.3 returns a vertex cover X of H with |X| <§(H) + 2k’.

Because k' > 0, we have that mad(G) + k — 26(H) > 0 and, therefore, 6(H) <
3(ad(H)+k+1). Hence, |X|< 3(ad(H) + 3k +3). Consider B=V(H)\ X. Because
X is a vertex cover of H, B is an independent set. Let p=|X| and ¢ = |B|. We show
some properties of p and gq.

First, we show that p > Lad(H), that is, |X| > 1ad(H). We have that |[E(H)| <
(5) +gp and

2(’2’)+2pq:2p2+2qup2fp:2p_p2+p
p+q p+q p+q

ad(H) < < 2p.

Next, we show that ¢ > 12p, i.e., |B| > 12|X|. We have that

2(5) +2pg _p(p—1)+2pg _ 2p° +2pq — p’ _op_ P’

ad(H) < —
H) <= P+q P+q P+q
2
<ad(H)+3k+3— -2
p+gq

Thus, pp—_‘i’ <3k+3 and (3k+3)g > p* — (3k+3)p. Then ¢ > p(525 —1). Recall that

p>4ad(H) and k +1 < gsmad(G) < g5(ad(H) + 1). Then 353 > 13 and ¢ > 12p.
We use the last inequality ¢ > 12p and claim that at most 4k — 1 vertices of X

have less than 2p neighbors in B. For the sake of contradiction, assume that this is

not the case. Then |E(H)| < (5) + 4k - 2p+ (p — 4k)q and

2(2) + 16kp + 2(p — 4k 2 | 9pq — 8k(q — _
() < 20) F 16k 4200 = 4R)g 2% +2pg —Sklg=2p) _,  Sk(a—2p)
p+q p+q p+q
k(g —2 k(g —2
<ad() + 3k 13— SFO=20) gy 4 gy BRI 2P)
ptaq P+q

Therefore, 6k > % and 11p > q. However, the last inequality contradicts that
q > 12p. This proves our claim.

We use this property and define A = {v € X | |[Ng(v) N B| > 2p}. Since |X \
Al €4k —1 and |X| > 3ad(H) > imad(G) — 1, |A| > imad(G) — 4k. Consider
H' = H[AU B]. We have that {A, B} is a partition of V(H') with the properties
that B is an independent set, mad(G) — 4k < |A|, [Ny (v) N B| > 2p > 2|A| for all
v e A. Also, dy/(v) > |A| — 2k' > |A| — 2k — 2 for all v € B since by construction
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0(H) > |X| — 2k’. These are exactly the properties that are required in (iii). Then
our algorithm returns H'.

To complete the proof of the lemma, we argue that our algorithm is polynomial.
For this, note that Rules 4.1-4.4 can be applied in polynomial time because all con-
nected components, blocks, and separators of size two can be listed in polynomial time.
Further, the algorithm from Corollary 4.3 is polynomial. Since constructing a cycle
length at least min{|V (H)|,26(H)} in a 2-connected graph can be done in polynomial
time by Proposition 3.2, we conclude that the overall running time is polynomial. 0

5. Covering vertices of dense graphs. In this section, we prove that, given
a sufficiently dense graph G and a bounded-size set of pairs of distinct vertices S
forming a linear forest, we can find a long cycle in G+ S containing all edges from S.
First, we consider the case where there is a small number of vertices in the graph
compared to the average degree. Then, we deal with the case where one part in a
bipartition of a dense bipartite graph has a bounded size.

Recall that for a set S of pairs of distinct vertices of a graph G, we say that S is
potentially cyclable if (V(G),S) is a linear forest.

LEMMA 5.1. Let G be a graph and k be an integer such that (i) 0 <k < g5ad(G),
(i) 6(G) > 2ad(G), and (iii) ad(G) +k >n. Let also S be a potentially cyclable set of
at most k pairs of distinct vertices. Then G+ S has a Hamiltonian cycle containing
every edge of S.

Proof. Let G be a graph and let k be an integer satisfying (i)—(iii). Let d =ad(G).
Using the property that k is small compared to d, we upper bound the number of
vertices of degree at most %d.

CLAM 5.1. Less than Ln vertices of G have degree at most éd.

Proof of Claim 5.1. Suppose that at least 5 n vertices of G have degree at most
4
zd. Then

<Z(—= _— = _ - h _—
d (60 d+ n( 1)) 60d+ Ln 1)_60d+ Ldt k)= 60d+ Ly

and, therefore, d < 55k. However, by (i), 60k < d, a contradiction proving the claim. O

Denote by X the set of vertices of G whose degrees are at most 4d Let S be a
potentially cyclable set of at most k pairs of distinct vertices of G and let G'=G+5S.
We show that G’ has a cycle containing the edges of S and the vertices of X.

CrLAIM 5.2. G’ has a cycle C containing every edge of S and every vertex of X.

Proof of Claim 5.2. Let S={x1y1,...,2,yr}. Note that some end-vertices of the
edges of S may be the same. However, because S forms a linear forest in G, we can
assume without loss of generality that it may only happen that y,_; = z; for some
i€{2,...,r}. We prove that G’ has an (z1,y,)-path P of length at most 5r — 4

The proof is by induction. We show that for every i € {1,...,r}, G’ has an (x1,¥;)-
path P; containing x1y1,...,2;y; and avoiding the end-vertices ofzr;1yit1,...,ZrYr
distinct from y;, such that its length is at most 5i — 4.

The claim is trivial for ¢ = 1 as we can set P| = x1y;. Assume that ¢ > 1
and P;_i exists. Consider z;y;. If y;_1 = x;, then we just add z;y; to the end
of P;_y, ie., set P, = P,_yx;y;. Suppose that y; 1 # x;. If y;_12; € E(G), we
set P; = P,_1y;—12;y;. Similarly, if y,_1 and z; have a common neighbor z ¢ U =
{z1,.. ;2. U{y1, ...,y UV (P;_1), we define P; = P;_1y;_122;y;. Assume from now
on that these are not the case.
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Recall that 6(G) > 3d and k < g5d. Let W =U U X. We have that
IW|<5(—1)—3+2(r—i+1)+|X| <5k +]|X]|
and, using Claim 5.1, obtain that
|W|<5k+—n<5k+ (d+k) ;d

Because dg/(y;—1) > >1d and de (x;) >5 14, we have that y;—1 and x; have neighbors u
and v, respectively, such that u,v ¢ W. If wv € E(G"), we deﬁne P, =P, 1y, _1uvw;y;.
Otherwise, observe that u,v §é X and, therefore, der(u) > 2d and de(v) > 2d.
Because n < d + k, u and v have at least 3d k common nelghbors Since |U\ <
5(i—1) —3+42(r —i+1) <5k and k < g5d, u and v have a common neighbor w ¢ U.
Hence, we can set P; = Pi,lyi,wwvwzyl

Observe that in all cases, we constructed P; from P;_; by appending to the end-
vertex y;_1 a path of length at most 5. This means that the length of P; is at most
5i — 4. This completes the inductive step and the proof of the existence of P with the
desired properties.

Now we apply similar arguments to show that P can be extended to include every
vertex of X. More precisely, we prove the following. Let X \ V(P)=Z={z1,...,2s}
and let zgp = y,. We show that there is an (x1,z)-path P’ with z € {zp,..., 25}
containing P as a subpath that includes every vertex of Z and has length at most
or —4 +4s.

We prove by induction that for every ¢ € {0,...,s}, G’ has an (z1,2)-path P;
containing P as a subpath such that z € {zo,...,2;} C V(F;) and the length of P; is
at most 5r — 4 + 4i.

For ¢ =0, we set Py = P and obtain that the claim holds. Let ¢ > 1 and assume
that an (z1, z)-path P;,_; with the required properties exists. If z; € V(P;_1), we take
P, = P,_;. Assume that z; ¢ V(P;,_1). If zz; € E(G’), we set P, = P;_y22;. If z and
z; have a common neighbor v ¢ V(P;_1), we define P, = P;_1zvz;. Assume that these
are not the case.

Let W=V (P;_1)UX. Observe that

4 4
(5.1) (W[ <|V(P)|+4IX| <5k +4|X| < 5k + n <5k + < La+r)<ia,

©

by Claim 5.1 and because k < g5d. As dg/(z) > 4d and dei(2) > 4d, there are
neighbors v and v of z and z;, respectively, such that u,v ¢ W. If uv € E(G’), we let
P, = Pi,lzuvzz If 4 and v are not adjacent, we use the property that dgs(u) > 4d
and dg/(v) > 2d, because u,v ¢ X. Then u and v have at least 2d — k common
neighbors. Note that |[V(P—1)| <|W| < 4d Then u and v have at least = zd—k>0
common neighbors that are not in V(P;_1). Let w be such a neighbor. T hen we set
P, = P,_zuwvz;.

Since P; is constructed from P;_; by appending to z a path of length at most 4,
the length of P; is at most 5¢ — 4. This completes the inductive step and we conclude
that P’ exists.

Now we have that G’ has an (z1,z)-path P’ of total length at most 5r — 4 + 4s
that contains every edge of S and every vertex of X. To complete the proof, we
show that we can connect the end-vertices of P’ to form a cycle. This is trivial if
x1z € E(G’) or if 1 and z have a common neighbor v ¢ V(P’). Suppose that these
are not the case. Note that |V (P’)| < 5k + 4|X| and, by the same arguments as in
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(5.1), |V(P')| < #d. This means that z; and z have neighbors u and v, respectively,
such that u,v ¢ V(P'), because dg/(z1) > 3d and de/(z) > 2d. If uv € E(G'), we
connect the end-vertices of P’ by the path xjuvz. Otherwise, we again use the fact
that u,v ¢ X and, therefore, de(u) > 2d and de(v) > 2d. In the same way as
above, u and v have at least %d — k common neighbors and at least one common
neighbor w ¢ V(P’). Then P’ is completed to a cycle by adding the path zjuwvz.
This completes the proof. 0

By Claim 5.2, G’ has a cycle C containing every edge of S and every vertex of X.
Suppose that C' is a cycle of this type that has the maximum length. We prove that
C' is Hamiltonian.

The proof is by contradiction. Assume that C' is not Hamiltonian. We consider
two cases depending on the length of C.

Case 1. |V(C)| < 3d. Consider an arbitrary edge 2y € E(C) \ S. Note that such
an edge exists because S forms a linear forest. We show that we always can extend
C' by replacing xy with a path. If 2 and y have a common neighbor z ¢ V(C), then
we can replace zy by zzy. Otherwise, because d¢/(2) > 4d and de (y) > 2d, x and
y have neighbors v and v, respectively, such that u,v ¢ V(C). If uv € E(G), then we
replace zy by zuvy and extend C. If uv ¢ E(G’), then we use the fact that X C V(C)
and, therefore, u,v ¢ X. Then der(u) > 3d and de (v) > 3d. Because |V(G')| < d+k,
w and v have at least %d — k common neighbors. Since |V(C)| < %d and k < %(L
there is a common neighbor w of u and v such that w ¢ V(C'). Then we replace xy
by xuwvy and again extend C. Note that the extended cycle contains the edges of
S and the vertices of X. However, this contradicts the choice of C' as a maximum
length cycle with this property.

Case 2. |V(C)| > 3d. Since C is not Hamiltonian, there is a vertex v ¢ V(C). We
show that there is an edge xy € E(C) \ S such that both z and y are adjacent to v.
Suppose that this is not the case and for every xy € E(C)\ S, v is not adjacent to at
least one end-vertex. Consider R = E(C)\ S. Since 1 < |S| <k and S C E(C), the
edges of R form a linear forest with at least %dfk edges. Each vertex in V(C') covers at
most two edges in R. Then our assumption that v is not adjacent to at least one end-
vertex of every edge of R implies that v is not adjacent to at least %(%d — k) > %d —k
vertices of C. Because X C V(C), v ¢ X and de(v) > 2d. As [V(G')| <d+k, v
can have at most 1d + k nonneighbors. However, 1d —k > 1d+k, as k < &d, a
contradiction. This proves the existence of zy € E(C) \ S such that both x and y are
adjacent to v. But then we can extend C' by replacing xy by xvy contradicting the
choice of C'. This concludes the case analysis and the proof of the lemma.

Let us remark that the proof is, in fact, constructive and can be turned into a
polynomial-time procedure that first constructs a cycle C' containing every edge of S
and every vertex of X, and then extends C' until we obtain a Hamiltonian cycle. 0O

Now we consider dense bipartite graphs. Similarly to Lemma 5.1, we show that
for a given set of pairs of vertices forming a linear forest, there is a cycle containing
all these pairs in the extended graph, and also each vertex of the “high degree” part
of the graph. For an example, see Figure 3.

LEMMA 5.2. Let G be a bipartite graph, {A, B} is a bipartition of V(G) with
p = |A|, and let k be an integer such that (i) 0 < k < 15p, (ii) for every v € A,
dg(v) > 2p, and (iii) for everyv € B, dg(v) > p—k. Let S be a potentially cyclable set
of at most %k pairs of distinct vertices. Then G' = G+S has a cycle C' containing every
edge of S and every vertex of A. Furthermore, C is a longest cycle in G' containing
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Fic. 3. Structure of G and G' =G+ S. The set of pairs S is shown by red lines and the edges
of C that are not in S are green. Note that G’ is not required to be bipartite. Note: color appears
only in the online article.

the edges of S and the length of C is 2p—s+t, where s is the number of edges of S with
both end-vertices in A and t is the number of edges in S with both end-vertices in B.

Proof. The proof of the lemma follows the same strategy as the proof of Lemma 5.1.
Suppose that G, k, and S satisfy the conditions of the lemma. Let also G' =G + S.
Denote by s the number of edges of S with both end-vertices in A, and let ¢ be the
number of edges in S with both end-vertices in B.

CLAIM 5.3. G’ has a cycle C containing every edge of S.

Proof of Claim 5.3. Let S = {x1y1,...,2,yr}. We can assume without loss of
generality that it may only happen that y;_; = z; for some values i € {2,...,r} and
other end-vertices of the edges of S are distinct. We prove that G’ has an (1, y,)-path
P of length at most 57 — 4 containing every edge of S.

We show inductively that for every ¢ € {1,...,r}, G’ has an (x1,y;)-path P;
containing z1y1,...,2;y; and avoiding the end-vertices of x;11Yy;t1,..., Ty, distinct
from y; (it may happen that x;; =y;) whose length is at most 5i — 4.

If i =1, then we set P, =1y, and the claim holds. Assume that ¢ > 1 and P;_;
exists. Consider z;y;. If y;_1 = x;, then we just add z;y; to the end of P;_1, i.e., set
P, = P;_1x;y;. Suppose that y;_1 # ;. If y;_12; € E(G'), we set P; = Pi_1y;—1%;Y;-
Assume from now on that these are not the cases. Let U=V (P;_1)U{x1,...,2,} U
{y1,...,yr}. Denote Uy =UNA and Ug = UNB. Observe that [Ua| < [1(5r—4)+s] <
%k < 8k. Symmetrically, [Up| < 8k. We consider the following four cases depending
on whether y;_; and z; belong to A or B.

Case 1. y;—1,2; € B. Becase dg(yi—1) > p—k and dg(z;) > p — k, y;—1 and
x; have at least p — 2k common neighbors in A. Because |Ua| < 8k and p > 10k,
we obtain that y;_1 and x; have a common neighbor v ¢ Uy. Then we construct
Py =P 1y 1vxy;.

Case 2. y;—1 € A and x; € B. Because dg(y;—1) > 2p, |Up| < 8k, and p > 10k,
yi—1 has a neighbor u € B such that v ¢ Ug. Then applying for v and x; the same
arguments as in Case 1, we obtain that v and x; have a common neighbor v € A such
that v ¢ Us. Then we set P; = P;_1y;—1uvz;y;.

Case 3. y;—1 € B and x; € A. This case is symmetric to Case 2. Using the
same arguments we obtain that z; has a neighbor v € B\ Up, and y;_; and v have a
common neighbor u € A\ Ua. Then P; = P,_1y;_1uvx;y;.

Cased. y;—1,x; € A. Because dg(yi—1) > 2p, dg(x;) > 2p, |[Up| < 8k, and p > 10k,
yi—1 and x; have neighbors in B\ Up. If these vertices have a common neighbor v
of this type, then we set P; = P;_1y;_1vx;y;. Otherwise, let u and v be neighbors of
yi—1 and x;, respectively, in B\ Up. Using the arguments from Case 1, we have that
u and v have a common neighbor w € A\ U4. Then we define P, = P;_1y;_1uwvx;y;.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/16/24 to 129.177.146.15 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

LONGEST CYCLE ABOVE ERDOS-GALLAI BOUND 2737

In all cases, P; was constructed from P;_; by extending it by a path of length at
most 5. This completes the inductive step and proves the existence of P.

To complete the proof, we show that the end-vertices of P can be connected by
a path @ to form a cycle. This is trivial if x1y, € E(G’). Otherwise, we construct
Q@ using the same arguments as in the above Cases 1-4. Let Uy = V(P)N A and
Up = V(P). Because |V(P)| < 5r — 3, we have that |Us| < 8k and |Ug| < 8k. If
21,y € B, we find a common neighbor v € A\ Uy in the same way as in Case 1 and
define Q = zyvy,. If 1 € A and y, € B, we find a neighbor v of 21 in B\ Upg and then
a common neighbor v of w and y, in A\ Uy following the arguments from Case 2.
Then @ = xyuvy,. Then case 1 € B and y, € A is symmetric. Finally, if z1,y, € B,
we use the same arguments as in Case 4. We either find a common neighbor v € B\Upg
of 1 and y,- and define Q) = vy, or we find two distinct neighbors u and v of 1 and
yr, respectively, where u,v € B\ Ug. In the last case, we find a common neighbor w
of uw and v in A\ Uy, and set @ = zjuwvy,. This completes the proof. 0

By Claim 5.3, G’ has a cycle C' containing every edge of S. Let C be a cycle in
G’ containing the edges of S that has the maximum length. We show that C contains
every vertex of A.

The proof is by contradiction. Assume that A\ V(C) # 0. Because |S| < 2k,
[V(C)N B| < p+ k. Then because k < 15p and dg(v) > 2p for every v € A,
W =B\ V(C) # 0 and, moreover, every vertex v € A has a neighbor u € W. In fact,
every vertex v € A has at least two distinct neighbors u € W. We consider two cases
depending on the number of vertices of A outside C.

Case 1. |[A\V(C)| > 2k. Let zy € E(C)\ S. We assume without loss of generality
that z € A and y € B. We show that C' can be extended by replacing xy by a path.
We have that = has a neighbor v € W. Because dg(u) >p —k and dg(y) >p—k, u
and y have at least p — 2k common neighbors in A. Since |4\ V(C)| > 2k, u and y
have a common neighbor v € A\ V(C'). This means that we can replace zy with zuvy
and extend C.

Case 2. |A\ V(C)| <2k. Denote by R the set of pairs {z,y} of distinct vertices
of V(C)N A such that C contains a segment vy for some v € B and zv,yv ¢ S. Note
that because [ANV(C)| > p — 2k, |R| > p— 2k — |S| > 22k. Observe also that the
pairs of R form a linear forest. Then there is a subset R’ C R of disjoint pairs with
|R'| > L|R| > 2k > 2k.

Let u € A\ V(C). Recall that u has two distinct neighbors v,w € W. We claim
that there is a pair {z,y} € R’ such that zv,yw € E(G) or zw,yv € E(G). Because
dg(v) > p — k, by the pigeonhole principle, there are at most k pairs {z,y} € R’ such
that v ¢ F(G) or yw ¢ E(G). Thus, there is R” C R’ of size at least |R'| —k > k
such that zv,yv € E(Q) for every {z,y} € R”. Since dg(w) > p — k, there are at most
1k pairs {z,y} € R” such that zw,yw ¢ E(G). As |R"| > k, we conclude that there
is a pair {z,y} € R” such that zw € E(G) or yw € E(G). Thus, zv,yw € E(G) or
zw,yv € E(G). Let xzy be the segment of C. If zv,yw € E(G), we replace xzzy by
rvuwy, and xzy is replaced by zwuvy if zw,yv € E(G). In both cases, we extend C
contradicting its choice. This completes the proof of the first claim of the lemma.

To see that C' is a longest cycle containing every edge of S, it is sufficient to recall
that A CV(C). Then C contains 2(p — s) edges xy with € A and y € B. Hence, the
total number of edges is 2p — s+ ¢.

We remark that the proof of the lemma can be used to construct the required
cycle C' in polynomial time. 0
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6. Rerouting long cycles to dense subgraphs. In this section, we show that
a dense induced subgraph can be used to find a long cycle in a 2-connected graph.
Specifically, we show that one can always assume that a long cycle is an extension
of a longest cycle in a dense subgraph. To state this more precisely, we need some
additional terminology that we introduce next.

Let T C V(G) for a graph G. A path P is called a T-segment if P is of length
at least two, the end-vertices of P lie in T, and v ¢ T for any internal vertex v of
P. A set of internally disjoint paths P ={Py,..., P.} is a system of T-segments if (i)
P; is a T-segment for every ¢ € {1,...,7}, and (ii) the union of the paths in P is a
linear forest. Let A, B C V(G) be disjoint sets of vertices in G. For a pair {z,y} of
distinct vertices in G, we say that {z,y} is an A-pair (B-pair, respectively) if z,y € A
(z,y € B, respectively), and we say that {z,y} is an (A, B)-pair if either x € A, y € B
or, symmetrically, y € A, x € B. If {A, B} is a partition of T C V(G), then for a
T-segment P with end-vertices z and y, P is an A-segment if {z,y} is an A-pair,
P is a B-segment if {z,y} is a B-pair, and P is an (4, B)-segment if {z,y} is an
(A, B)-pair.

First, we consider the case when there is a dense subgraph H with the property
that for every potentially cyclable set S of at most k pairs of distinct vertices, H + S
has a Hamiltonian cycle containing every edge of S. We show the following lemma
whose proof is almost identical to the proof of Lemma 3 in [7]. Nevertheless, we
provide the proof here, as we are proving a slightly different statement, and the proof
is useful as a warmup before the proof of the next more technical lemma.

LEMMA 6.1. Let G be a 2-connected graph and let k be a positive integer. Suppose
that H is an induced subgraph of G such that |V (H)| > 2k and for every potentially
cyclable set S of at most k pairs of distinct vertices of H, H + S has a Hamiltonian
cycle containing every edge of S. Then G has a cycle of length at least |V (H)|+ k if
and only if one of the following holds:
(i) There are two distinct vertices s,t € V(H) such that there is an (s,t)-path P
in G of length at least k+ 1 whose internal vertices lie in V(G)\ V(H).

(ii) There is a system of T-segments P ={Py,...,P.} for T =V (H) such that
r <k and the total number of vertices on the paths in P outside T is at least
k and at most 2k — 2.

Proof. Let T =V (H). We start with the easier part, where we show that if either
(i) or (ii) is fulfilled, then G has a cycle of length at least |V (H)| + k.

Suppose that there are distinct s,t € T and an (s,t)-path P in G with all internal
vertices outside T such that the length of P is at least k + 1. Let S = {st}. We have
that H + .S has a Hamiltonian cycle C' containing st. We replace the edge st in C
by the path P. Then the length of the obtained cycle C’ is at least |V(H)|+ k as
required.

Suppose that G has a system of T-segments P = { P, ..., P,.} and the total number
of vertices on the paths outside T is at least k. Let s; and t; be the end-vertices of
P, for i € {1,...,r} and define S = {s1t1,...,8.t.}. Observe that S is a potentially
cyclable set for H and |S| < k. Then H + S has a Hamiltonian cycle C that contains
every edge of S. We construct the cycle C’ from C by replacing s;t; by the path P;
for every i € {1,...,r}. Because the total number of vertices in the paths of P outside
T is at least k, the length of C” is at least |V (H)| + k.

To show the implication in the other direction, assume that G has a cycle C' of
length at least |V(H)| + k. We consider the following three cases depending on the
structure of C.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/16/24 to 129.177.146.15 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

LONGEST CYCLE ABOVE ERDOS-GALLAI BOUND 2739

Case 1. V(C)NT =0. Since G is a 2-connected graph, there are pairwise distinct
vertices s,t € T and z,y € V(C), and vertex-disjoint (s,xz)- and (y,t)-paths P; and
P, such that the internal vertices of the paths are outside U V(C). The length of
C'is at least |V (H)|+ k > 3k. Therefore, C contains an (z,y)-path P with at least k
vertices. The concatenation of Py, P, and P, is an (s,¢)-path in G of length at least
k + 1 whose internal vertices are outside 7. Hence, (i) holds.

Case 2. |[V(C)NT|=1. Let V(C)NT = {s} for some vertex s. Since G is
2-connected, there is an (z,t)-path P in G — s such that z € V(C), t € T, and the
internal vertices of P are outside T UV (C'). Because the length of C' is at least 3k, C
contains an (s,x)-path P’ with at least k 4+ 1 vertices. The concatenation of P’ and
P is an (s,t)-path in G of length at least k4 1 whose internal vertices are outside T
Hence, (i) holds.

Case 3. |V(C)NT| > 2. Since k>0 and |V(C)| > |V(H)|+k, V(C)\T # 0. Then
there are pairs of distinct vertices {s1,t1},...,{se, ¢} in TNV (C) and paths Py, ..., P
on C such that (a) P; is an (s;,t;)-path for ¢ € {1,...,¢} with at least one internal
vertex and the internal vertices of P; are outside T', and (b) Ule V(PHO\T =V (C)\T.
In words, Pi,..., P, form the “outside” part of C' with respect to T. Note that the
total number of internal vertices on these paths is at least k.

If there is i € {1,..., ¢} such that P, is of at least k+1, then (i) is fulfilled. Assume
that this is not the case and the length of each P, is at most k. Let r € {1,...,¢} be the
minimum integer such that the total number of internal vertices in Py, ..., P, is at least
k. Because each path has at least one internal vertex, r <k. Let S = {s1t1,..., 8t }.
By the definition of .S, these pairs of vertices compose either a linear forest or a cycle.

Suppose that the pairs in S form a cycle. This means that C' is the concatenation
of Py,...,P.. Therefore, every edge of C is outside of H, and we have that r = /.
Observe that » > 2 in this case. By the choice of r, the total number of internal
vertices in Py,...,P._1 is at most Kk — 1. We also have that P, has at most k£ — 1
internal vertices. Because r < k, |V(C)| < 3k — 2. However, this is a contradiction
with |V(C)| > |V(H)| + k > 3k. Therefore, S forms a linear forest. This means that
P={P,...,P.} is a system of T-segments for "=V (H) and it holds that r <k, and
the total number of vertices on the paths in P outside T is at least k. To show that
(ii) is fulfilled, it remains to prove that the total number of internal vertices on the
paths in P is at most 2k — 2. For this, recall that by the choice of r, the total number

of internal vertices on Pi,...,P._1 is at most £ — 1. Since the number of internal
vertices on P, is at most k — 1, the total number of the internal vertices on all paths
is at most 2k — 2 as required. This completes the proof. 0

Now we show a related result for dense induced subgraphs of another type. See
Figure 4 for an illustration.

LEMMA 6.2. Let G be a 2-connected graph and let k be a positive integer. Suppose
that H is an induced subgraph of G whose set of vertices has a partition {A, B} with
|A] > %k and B being an independent set. Suppose also that for every potentially
cyclable set S in H of at most k pairs of distinct vertices in H, with s A-pairs and
t B-pairs, H+ S has a cycle of length at least 2|A| — s +t. Then G has a cycle of
length at least 2| A| + k if and only if one of the following holds:

(i) There are two distinct vertices x,y € V(H) such that H has an (z,y)-path P

of length at least k 4+ 2 whose internal vertices lie in V(G)\ V(H).
(ii) There is a system of T-segments P = {Py,...,P.} for T = V(H) with s
A-segments and t B-segments such that

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/16/24 to 129.177.146.15 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2740 F. FOMIN, P. GOLOVACH, D. SAGUNOV, AND K. SIMONOV

F1G. 4. Structure of segments in Case (ii) of Lemma 6.2. The A-segments are shown by green
lines, the B-segments are red, and the (A, B)-segments are blue. Note: color appears only in the
online article.

(a) r<k,

(b) every A-segment has at least two internal vertices,

(c) the total number of internal vertices on the paths in P is at least k+s—t
and at most 3k — 2.

Proof. The proof follows the same lines as the proof of Lemma 6.1 but is more
technical. Let T'=V (H). First, we show that if either (i) or (ii) is fulfilled, then G has
a cycle of length at least 2|A| + k. This part is almost identical to the corresponding
part of the proof of Lemma 6.1.

Suppose that there are distinct z,y € T and an (x,y)-path P in G with all internal
vertices outside T such that the length of P is at least k + 2. Let S = {xy}. We have
that H + S has a cycle C' containing zy of length at least 2|A| — 1. We replace the
edge zy in C by the path P. Then the length of the obtained cycle C’ is at least
2|Al + k as required.

Assume that there is a system of T-segments P ={Py,..., P} for T =V (H) with
s A-segments and ¢ B-segments such that (a)—(c) are fulfilled. Let z; and y; be the
end-vertices of P; for i € {1,...,r} and define S = {x1y1,...,2,y-}. Observe that S
is a potentially cyclable set for H and |S| < k. Then H + S has a cycle C of length
at least 2|A| — s+t that contains every edge of S. We construct the cycle C’ from C
by replacing x;y; by the path P; for every i € {1,...,r}. Because the total number of
internal vertices in the paths of P is at least k+s—t, the length of C’ is at least 2| A|+k.

For the opposite direction, assume that G has a cycle C of length at least 2| A|+k.
We consider the following three cases. The arguments in the first two cases repeat
the arguments in the proof of Lemma 6.1.

Case1. V(C)NT =0. Since G is a 2-connected graph, there are pairwise distinct
vertices z,y € T and 2,3y’ € V(C), and vertex disjoint (x,2')- and (y,y’)-paths Py
and P, such that the internal vertices of the paths are outside U V(C'). The length
of the cycle C' is at least 2|A|+ k > 3k. Therefore, C contains an (2/,y’)-path P with
at least k + 1 vertices. The concatenation of Py, P, and P, is an (x,y)-path in G of
length at least k 4 2 whose internal vertices are outside 7. Hence, (i) is fulfilled.

Case 2. |[V(C)NT| =1. Let V(C)NT = {z} for some vertex x. Since G is
2-connected, there is an (y,y’')-path P in G — z such that ¢y € V(C), y € T, and
the internal vertices are outside T'U V(C'). Because the length of C' is at least 3k, C
contains an (z,y’)-path P’ with at least k + 2 vertices. The concatenation of P’ and
P is an (x,y)-path in G of length at least k + 2 whose internal vertices are outside T
Hence, (i) holds.
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Case 3. |[V(C)NT| > 2. Observe that because B is an independent set, H has
no cycle of length greater than 2|A|. Therefore, as k > 0 and |V (C)| > 2|4| + k&,
V(C)\T #0. Let Py,..., P, be the outside segments of C' with respect to H, that is,
Py, ..., Py are paths on C such that (x) for every i € {1,...,¢}, P; is an (x;,y;)-path
with at least one internal vertex for some distinct x;,y; € T' and the internal vertices
of P; are outside T, and (xx) Ule V(P)\T =V(C)\T. If P, is of length at least
k + 2 for some i € {1,...,£}, then (i) holds. Assume that this is not the case, that
is, the length of each P; is at most k+ 1. Let Ia,15,1ap C {1,...,¢} be the subsets
of indices such that P; is an A-segment for i € I4, a B-segment for i € Ig, and an
(A, B)-segment for i € I 45; note that some of these sets may be empty.

First, we consider I5. Suppose that the paths P; for i € Ip have at least k — |Ip|
internal vertices. Consider an inclusion minimal subset of indices J C Ig such that
the paths P; for ¢ € J have at least k — |.J| internal vertices and let S = {x;y; |i € J}.
Because S is a potentially cyclable set, the pairs of S compose either a linear forest
or a cycle. Suppose that the pairs in S form a cycle. Then every edge of C is outside
H, and we have that C' is the concatenation of the paths P; € J. Note that |J| > 2
in this case. Let j € J. By the choice of J, the total number of internal vertices on
the paths P; for i € J\ {j} is at most k — |J| — 1. Because the length of P; is at most
k+1, we have that |V(C)| < (k—|J|—1)+|J|+k =2k —1 < 2|A| +k, a contradiction.
Therefore, S forms a linear forest. We obtain that P ={P; |i € J} is a system of T'
segments and |P| < k. To see that the total number of internal vertices on the paths
in P is at most 2k, let j € J. Because the total number of internal vertices on the
paths P; for i € J\ {j} is at most k — |J| — 1 and the length of P; is at most k + 1,
the number of internal vertices on the paths in P is at most (k—|J| —1)+k <3k —2.
We conclude that (ii) is fulfilled.

Assume from now on that the paths P; for ¢ € Ig have at most k—|Ig|—1 internal
vertices. Then we analyze I4p in a similar way. Let ¢t = |Ip|. Suppose that the paths
P; for i € [4gUIp have at least k —t internal vertices. Consider an inclusion minimal
subset of indices J C I4p such that the paths P; for i € JU I have at least k —t
internal vertices and let S = {x;y; | i € JU Ig}. Notice that |S| < k. Again, we have
that the pairs of S compose either a linear forest or a cycle. Then we exclude the
possibility that S forms a cycle. If we have a cycle, then C' is the concatenation of the
paths P; € JUIp. Pick an arbitrary j € J. We have that the total number of internal
vertices on the paths P; for i € (J\ {j})UIp is at most k —t — 1. Because the length
of Pjisat most k+1, [V(C)| < (k—t—-1)+(|J|+t)+k=2k+|J| -1 <2/A|+ k
and we get a contradiction. Hence, S forms a linear forest and P ={P; |i € JUIp}
is a system of T segments and |P| < k. To upper bound the total number of internal
vertices on the paths in P, let j € J. Because the total number of internal vertices on
the paths P; for i € (J\ {j})UIp is at most k —¢ — 1 and the length of P; is at most
k+ 1, the number of internal vertices on the paths in P is at most 2k —¢t —1 < 3k — 2.
We obtain that (ii) holds.

It remains to consider the case where the paths P; for ¢ € I,p U Ig have at
most k —t — 1 internal vertices. For this, we analyze I4. Let I, C I4 be the set of
indices i € I4 such that P; has at least two internal vertices. Let r be the number of
internal vertices on the paths P; with ¢ € I’y UIg UI4p. Observe that because B is
an independent set, |V(C)| <r+t+ 2|A| — |I4|. Hence, r +¢ — |I/;| > k. We select
an inclusion minimal set of indices J C I’y such that the paths P; for i€ JUIgUIp
have at least k — ¢ + |J| internal vertices and let S = {z;y; |1 € JUIgUIap}. Let
also s = |J|. Observe that because P, has at least two internal vertices for every
i€y, |S| <k. In the same way as above, the pairs of S compose either a linear
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forest or a cycle, and we show that it should be a linear forest. If the pairs of S
form a cycle, then C is the concatenation of the paths P, e JUI,UIsp. Let j € J.
By the minimality of J, the total number of internal vertices on the paths P; for
i€ (J\{j})UIpUlxp is at most k+ (s — 1) —t — 1. Because the length of P; is at
most k+ 1, |[V(C)| < (k+(s—1)—t—1)+ (s+t+|lapl) + k =2k + [Iap| + 2s — 2.
Observe that t + s+ |[Iap| < k, because if t + s+ |[I4p| > k + 1, the total number of
the internal vertices on the paths P; for ¢ € (J\ {j}) U Ip UI4p would be at least
k + s. Therefore, |V(C)| < 2k + [Iap| +2s — 2 <4k — 2 < 2|A| + k, a contradiction.
We obtain that S forms a linear forest and P ={P; |i € JUIgUI4p} is a system
of T segments, and |P| < k. To get the upper bound for the total number of internal
vertices on the paths in P, let j € J. Because the total number of internal vertices
on the paths P; for i € (J\ {j})UIp is at most k + (s — 1) —t — 1 and the length
of P; is at most k + 1, the number of internal vertices on the paths in P is at most
2k + s —t—2 <3k —2. We conclude that (ii) is fulfilled. This concludes the analysis
of Case 3 and the proof of the lemma. ]

Fomin et al. [7] proved the following algorithmic result about systems of T-
segments.

PROPOSITION 6.3 (see [7, Lemma 4]). Let G be a graph, T C V(G), and let p
and r be positive integers. Then it can be decided in 2°®) . n®W) time whether there
is a system of T-segments P with r paths having p internal vertices in total.

However, we need an algorithm for constructing a system of T-segments with
additional properties described in Lemma 6.2. For this, we modify the algorithm
from Proposition 6.3 (see [7, Lemma 4]). For simplicity, we show how to solve the
decision problem but the algorithm can be easily modified to produce a required
system of T-segments.

LEMMA 6.4. Let G be a graph, T CV(G), and let {A, B} be a partition of T. Let
also p and r be positive integers and suppose that s and t are nonnegative integers
with s+t <r. Then it can be decided in 2°®) .n°W) time whether there is a system of
T-segments P with v paths having p internal vertices in total such that (1) P contains
s A-segments, (ii) t B-segments, and (iil) every A-segment has at least two internal
vertices.

Proof. As Lemma 4 in [7], our algorithm is based on the color coding technique
introduced by Alon, Yuster, and Zwick in [1] (see also [3, Chapter 5] for the intro-
duction to the technique). Following [7], we first describe a randomized Monte Carlo
algorithm and then explain how it could be derandomized.

We say that a system of T-segments is feasible if it satisfies the conditions of the
lemma. Notice that if P = {Py,...,P.} is a feasible system of T-segments, then for
the total number of vertices in the paths, we have that |U]_, V(P;)| <p+2r. If r > p,
then a feasible system of T-segments does not exist, because each path in a solution
should have at least one internal vertex. Hence, we assume without loss of generality
that » <p. Let ¢ =p+ 2r < 3p. We color the vertices of G with ¢ colors uniformly
at random. Denote by ¢: V(G) — {1,..., ¢} the constructed coloring. We say that a
feasible system of T-segments P = {Pi,..., P} is colorful if the vertices of | J;_, V(F;)
are colored by distinct colors. We show the following claim.

CLAIM 6.1. The existence of a colorful feasible system of T-segments P can be
verified in 2°®) . nOM) time.
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Proof of Claim 6.1. We design a dynamic programming algorithm that decides
whether there is a colorful feasible system of T-segments.

The algorithm works in two stages. In the first stage, for every two distinct
vertices z,y € T and every set of colors X C {1,...,q} of size at least three, we
compute the Boolean function a(z,y, X) such that a(x,y, X) = true if and only if there
is a T-segment P whose end-vertices are x and y, V(P)NT = {x,y}, |V(P)| =|X],
and the vertices of P are colored by distinct colors from X. Computing a(z,y, X) is
standard (see [3, Chapter 5]), because we just find an (z,y)-path in G — (T'\ {z,y})
whose vertices are colored by the colors from X, and the table of values of the function
can be computed in 29 . O time.

To simplify further computations, we define

false if x,y€ A and | X| =3,
o (z,y, X) = false if | X| <2,
a(z,y,X) otherwise.

In the second stage, for every x € T, all integers p’, r', ', and ¢’ such that
P <p <p, 1<r<r,0<s<s 0<t'<t and s+t <7/, and every set of
colors X C {1,...,q} with 3 < |X| < p’ + 2¢/, the algorithm computes the value of
the Boolean function g(z,p’,r’,s',t', X), where B(x,p’,7’,s',t', X) = true if and only
if there is a system of T-segments P’ ={Pj,..., P/, } with 7’ paths having p’ internal
vertices in total such that

(i) P’ contains s’ A-segments and ¢’ B-segments’

(ii) every A-segment has at least two internal vertices;

(iii) for U = U:/:l V(P!), |U| = |X| and the vertices of U are colored by distinct

colors from X by the coloring c;

(iv) x is an end-vertex of exactly one path of P’.
We are interested in the values of B(z,p',r’,s,t/,X) for ' < p' <p, 1 < ¢ <1,
0<s <5, 0<t/ <t and ¢ +¢ <7/, and 3 < |X| < p' + 21/, but to simplify
computations, we extend the domain and assume that S(z,p’,r’,s’,t', X ) = false if one
of these constraints is broken. Observe that a colorful feasible system of T' segments
exists if and only if B(x,p,r,s,t, X) =true for some z € T and X C{1,...,q}.

We consecutively compute the tables of values of S(z,p’,r’,s',t',X) for v/ =

1,2,...,r starting with v’ = 1. For this, we use the computed tables of values of
a(z,y, X).
For ' =1, by the definition of S(z,p’,r’,s',t', X), we have that

(6.1)
Vyeaoy @ (@,y,X) ifzeA, =1, 1=0 p =|X|-2
Vyepa'(z,y,X) ifeeAd §=0,¢=0,p =|X|-2,

B, p' v ', X) = Vyepi oy @ (3,9, X) ifzeB, & =0, t'=1, p=|X[ -2,

\/yeAa*(x,y,X) ifeeB, =0,t=0, p=|X|-2,
false otherwise;

here and further we assume that \/_., ¢(z) = false for any Boolean function ¢(z) if
Z=0.
For 7/ > 2, we use the following recurrences. If x € A, we have
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ﬁ(l‘7p/7r/58/7t/7X)
= \/ (Oé*(l‘,:%Y)/\ﬁ(y,p/—|Y|—|—2,7“/—1,5’—1,75/,(X\Y)U{C(y)}))

yGA\{x}

(6.2) v \/ (2, Y) A By, 0 — [V +2,0" = 1,8, (X \Y) U {c(y)}))

yeDB
YCX

Vv \/ (a*(x,y,Y)/\B(z,p'—\Y|+27r’—1,s’—1,t’,X\Y))

yeA\{z}
2€T\{z,y}
YCX

v \/ (a*(sc,y,Y)/\ﬂ(z,p'f\Y|+2,r’717s’,t',X\Y)).
yebB

z€T\{z,y}
YCX

Symmetrically, if z € B,
ﬁ(x7p/7/r'/,sl7tl7X)
= \/ (& (z,y,Y)A By, — Y[ +2,r =1, ¢ =1, (X \Y)U{c(y)}))

yEB\{z},
YCX

vV (@ @y, Y) A By, = Y]+ 20 = 18t (X \Y) U{e(y)}))

yeA
YCcX

v \/ (& (z,y,Y)AB(zp = Y]+ 2,7 = 1,6, =1, X \Y))
yEB\{z}
2€T\{z,y}
YCx
Vv \/ (a*(m,y,Y)/\B(z,p’—|Y|+2,r’—1,s’,t’,X\Y)).

yeA
z€T\{z,y}
YCX

Correctness of (6.2) and (6.3) is proved by standard arguments. Hence, we only
sketch the correctness proof for (6.2) (the proof for (6.3) is done by the same argu-

ments).
Suppose that € A and S(x,p’,r’,s',t',X) = true. By the definition, there is a
system of T-segments P’ = {PJ,..., P, } with v’ paths having p’ internal vertices in

total that satisfies conditions (i)—(iv). We assume without loss of generality that x is
an end-vertex of P|. Let y be the other end-vertex of P|. Let also Y = ¢~ }(V(P))
and P ={Pj,...,P.,}. Then o*(z,y,Y) = true. We have four cases depending on
whether y € A or y € B and on whether y is a shared end-vertex or not. Suppose that
y € A and y is an end-vertex of another path, say, P». Then S(y,p’ — |Y |+ 2,7 —
1,8 = 1L,t/, (X \Y)U{c(y)}) = true. Therefore, the value of the right part of (6.2) is
true. The other cases are similar. If y € B and y is an end-vertex of another path,
then B(y,p’ — Y|+ 2,7 = 1,8, ¢/, (X \Y)U{c(y)}) =true. If y € A and y is not an
end-vertex of P}, ..., P/, then S(z,p' — Y|+ 2,7 = 1,8 = 1,t/, X \Y) =true. If y€ B
and y not an end-vertex of Pj,..., P/, then 8(z,p' —|Y|+2,7' — 1,5, ¢, X\ Y) =true.
In all these cases, the value of the right part of (6.2) is true.

For the opposite direction, assume that the value of the right part of (6.2) is true.
Then either there is y € A\ {z} and Y C X such that o*(z,y,Y) A B(y,p' — |Y| +
2, = 1,8 = 1,t/, (X \Y)U{e(y)}) = true, or there is y € B and Y C X such that
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o*(z,y, YIANB(y, ' —|Y|+2,"=1,5,t', (X\Y)U{c(y)}) = true, or there are y € A\{z},
z€T\{z,y}, and Y C X such that o*(x,y, Y)AB(z,p' =Y |+2,7 —1,s'—1,t/, X\Y) =
true, or there are y € B, z € T\ {z,y}, and Y C X such that o*(z,y,Y) A B(z,p" —
[Y|+2,7"—1,8,¢,X\Y)=true. The arguments for these four cases are very similar.
Therefore, we consider only the first case when there is y € A\ {z} and Y C X such
that o*(z,y, Y)AB(y, 0" — Y|+ 2,7 = 1,8 = 1,¢/, (X \Y)U{c(y)}) =true.

Because a*(z,y,Y) = true, G has an (z,y)-path P with |Y| — 2 > 2 internal
vertices and the vertices of P are colored by distinct colors from X. Note that
P is an A-segment. Since S(y,p’ — Y|+ 2,5 — 1,#/, (X \Y) U {c(y)}) = true, we
have that is a system of T-segments P” = {P{,...,P/,_;} with ' — 1 paths having
p’ — |Y| + 2 internal vertices such that (i*)P” contains s’ — 1 A-segments and ¢’
B-segments, (ii*) every A-segment has at least two internal vertices, (iii*) for U =
U:;ll V(P)), Ul = (X \Y)U{c(y)}| and the vertices of U are colored by distinct
colors from (X \Y)U{c(y)} by the coloring ¢, and (iv*) y is an end-vertex of exactly
one path of P”. Let P'={P, P{,...,P.,_,}. Then P’ is a system of T-segments with
r’ path having p’ internal vertices and conditions (i)—(iv) are fulfilled. Therefore,
Blx,p',r', s t', X) =true. This completes the correction proof.

To evaluate the running time, note that the values of 8(x,p’,7’,s',t', X) are com-
puted for at most n vertices x, at most n* 4-tuples of integers p/,r’,s’,t, and at
most 27 = 29(®) gets X. Because the table of values of a(z,y,X) can be computed
in 20®) . nOM time, the initial table of values of B(z,p’,r’,s',t',X) for v/ =1 is
computed in 29®) . nO1) time. To compute the value of B(x,p',7,s',t',X), we
use either (6.2) or (6.3). In these recurrences, we go through at most n choices
of y and z, and consider at most 29 subsets Y. This means, that for each 7’ > 2,
B(xz,p' 7,8 1, X) is computed in 2°®) . nO() from the previously computed tables.
We conclude that overall running time is 2°®) . n®1)_ This concludes the proof of
the claim. O

Assume that there is a feasible system of T-segments. We upper bound the
probability that there is no colorful system. Let P ={Py,..., P.} be a feasible system
of T-segments. Since the paths of P have at most ¢ vertices in total, the probability
that the vertices of paths are colored by distinct colors if we assign the colors uniformly
at random is at least :1]7!1 > e~ > e 3P, Then the probability that there are two vertices
with the same colors is at most 1 — e3P,

This observation leads us to a Monte Carlo algorithm. We consequently con-
struct at most €3? random colorings ¢: V(G) — {1,...,q}. For each coloring, we use
Claim 6.1 to verify whether there is a colorful feasible system of T-segments P. If we
find such a system, we return the yes answer and stop. Otherwise, if we fail to find
a colorful system for e3” random colorings, we return the no answer. The probability
that this negative answer is false is at most (1 —e~?P)3” <e~! < 1. This means, that
the probability of the false negative answer is upper bounded by a constant e™! < 1,
The running time of the algorithm is 2°®) . nO(1),

This algorithm can be derandomized using standard tools (see [1] and [3, Chapter
5]). This is done by using perfect hash functions (we refer to [3, Chapter 5] for the
definition) instead of random colorings. The currently best explicit construction of
such families was done by Naor, Schulman, and Srinivasan in [18]. The family of
perfect hash functions in our case has size e3? - p©(°8P) . Jogn and can be constructed
in time €% - pOo8P) . nlogn [18]. This allows us to obtain a deterministic algorithm
that runs in 2°®) . n©M) time. O
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7. Proof of the main result. Now we have all the ingredients to prove our
main result. We restate it here for the reader’s convenience.

THEOREM 1.2. LONGEST CYCLE ABOVE MAD can be solved in time 2°(F) .n0(1)
on 2-connected graphs.

Proof. Let (G, k) be an instance of LONGEST CYCLE ABOVE MAD, where G is a
2-connected graph. We use the algorithm from Proposition 3.1 and compute mad(G)
in polynomial time. If k£ =0, the problem is trivial, because a cycle of length at least
mad(G) exists by Theorem 1. Hence, we can assume that k> 1. If k > mad(G) — 1,
we use Proposition 3.4 and solve the problem in 20 . n©() time. From now, we
assume that 0 < k < &mad(G) — 1. In particular, k < g-mad(G) — 1. We apply
Lemma 4.4, and in polynomial time either

(i) find a cycle of length at least mad(G) + k in G, or

(ii) find an induced subgraph H of G with ad(H) > mad(G) — 1 such that 6(H) >

1ad(H) and |V(H)|<ad(H)+k+1, or

(iii) find an induced subgraph H of G such that there is a partition {A, B} of

V(H) with the following properties:
— B is an independent set;
~ imad(G) — 4k < |A[;
— for every v € A, [Ny (v) N B| > 2|A|;
— for every v e B, dy(v) > |A| — 2k — 2.
If the algorithm finds a cycle of length at least mad(G) + k, then we return it and
stop. In cases (ii) and (iii), we get a dense induced subgraph H that can be used to
find a solution if it exists.
Case (ii). The algorithm from Lemma 4.4 returns an induced subgraph H of G
with ad(H) > mad(G) — 1 such that 6(H) > 1ad(H) and |V(H)| < ad(H) + k + 1.
Let k' = [mad(G)] + k — |V(H)|. We have that G has a cycle of length at least
mad(G) + k if and only if G has a cycle of length at least |V(H)| + k’. Because k> 1
and k < ggmad(G) — 1, mad(G) > 176. Since ad(G) > mad(G) — 1, we have that
ad(G) > 176 and it holds that &' < k+1 < gemad(G) < gz(ad(H) + 1) < gsad(H).
By Lemma 5.1, for every potentially cyclable set S of at most k + 1 pairs of distinct
vertices of H, H + S has a Hamiltonian cycle containing every edge of S.
Suppose that &’ < 0. Observe that H has a Hamiltonian cycle as we can use
Lemma 5.1 for S = {e}, where e is an arbitrary edge e € E(H). Then we conclude
that H has a cycle of length at least mad(G) + k and stop. Assume that k&’ > 0. Note
that |V (H)| > ad(H) > 2k’ because k' < g=ad(H). Then by Lemma 6.1, G has a cycle
of length at least |V(H)|+ k' if and only if one of the following holds:
(a) There are two distinct vertices s,t € V(H) such that H has an (s,t)-path P
of length at least k' + 1 whose internal vertices lie in V(G) \ V(H).

(b) There is a system of T-segments P = {Py,...,P,} for T = V(H) such that
r <k’ and the total number of vertices on the paths in P outside T is at least
k' and at most 2k’ — 2.

First, we check if (a) can be satisfied. For this, we consider all pairs of distinct
vertices s and t of H. For every pair, we construct G' = G[(V(G)\V(H))U{s,t}] and
use Proposition 3.5 to find an (s,t)-path of length at least ¥’ +1 in G in 20%) . p©)
time. If we find such a path for some pair, we report the existence of a cycle of length
at least mad(G) + k and stop. Otherwise, we verify (b) using Proposition 6.3. We use
the algorithm from Proposition 6.3 for r € {1,...,k’} and for p € {K’,...,2k" — 2}. If
we find a required system of T-segments, then we return that G has a cycle of length
at least mad(G) + k and stop. If we fail to find such a system for every r and p, we
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conclude that G has no cycle of length at least mad(G) + k. Note that this can be
done in 2°) . n®W) time. This concludes case (ii).

Case (iii). The algorithm from Lemma 4.4 returns an induced subgraph H of G

such that there is a partition {A, B} of V(H) with the properties

e B is an independent set,

e 1mad(G) — 4k <|A4],

e for every v € A, |[Ny(v) N B| >2|A],

e for every v € B, dy(v) > |A| — 2k — 2.
Let k' = [mad(G)] + k — 2| A|. Observe that G has a cycle of length at least mad(G) + &
if and only if G has a cycle of length at least 2|A| + k. We have that 2|4| >
[mad(G)] — 8k and, therefore, k' < 9k.

Note that [A| > mad(G) — 4k > 40k, since k < ggmad(G) — 1. Also, we have that
for every v € B, dy(v) > |A| — 4k. Therefore, by Lemma 5.2, for every potentially
cyclable set S of at most 9% pairs of distinct vertices, G' = G + S has a cycle C
containing every edge of S and the length of C' is 2|A| — s+ ¢, where s in the number
of edges of S with both end-vertices in A and ¢ is the number of edges in S with both
end-vertices in B.

Suppose that & <0. Then we observe that H has a cycle of length 2| A| because
we can set S = {zy}, where zy € E(H) with € A and y € B. Then H has a cycle
of length at least 2|A| + k¥’ and we conclude that G has a cycle of length at least
mad(G) + k. Assume that k' > 0. Since |A| > 40k > 2k’, we can apply Lemma 6.2.
We obtain that G has a cycle of length at least 2|A| + &’ if and only if one of the
following holds:

(a) There are two distinct vertices x,y € V(H) such that H has an (z,y)-path P

of length at least k' + 2 whose internal vertices are in V(G) \ V(H).
(b) There is a system of T-segments P = {Py,...,P.} for T = V(H) with s
A-segments and t B-segments such that
- r<k' <9k,
— every A-segment has at least two internal vertices,
— the total number of internal vertices on the paths in P is at least k' +s—1¢
and at most 3k — 2 <27k — 2.

To verify (a), we use the same approach as in case (ii), that is, we consider all
pairs of distinct vertices x and y of H. For every pair, we construct G' = G[(V(G) \
V(H))U{x,y}] and use Proposition 3.5 to find an (x,y)-path of length at least ¥’ +2 in
G in 290) . nOM) time. If we find such a path for some pair, we report the existence
of a cycle of length at least mad(G) + k and stop. Otherwise, we verify (b) using
Lemma 6.4. We use the algorithm from this lemma for r € {1,...,k'}, s€{0,...,k'},
and t € {0,...,k'} such that s+t < r, and for p € {k' +s—1¢,...,3k" —2}. If we
find a system of T-segments P = {Py,...,P.} for T =V (H) with s A-segments and
t B-segments with the required properties, then we conclude that G has a cycle of
length at least 2| A|+ %’ and stop. If such a system does not exist for every choice of r,
s, t, and p, we have that G has no cycle of length at least mad(G)+k&. By Lemma 6.4,
this can be done in 20) . n®M) time, because k' < 9k. This concludes case (iii).

Because the algorithm from Lemma 4.4 is polynomial and the other subroutines
used in our algorithm for LONGEST CYCLE ABOVE MAD run in 2°%) . 0 the
overall running time is 2°*) . n©M) and this concludes the proof.

Let us remark that since the algorithms for paths in Propositions 6.3 and 3.5 and
Lemma 6.4 are, in fact, constructive, and the same holds for the algorithms for cycles
in Lemmas 6.1 and 6.2 and Proposition 3.4, our algorithm is not only able to solve the
decision problem but also can find a cycle of length at least mad(G) + k if it exists. O
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We observe that the 2-connectivity condition in Theorem 1.2 is crucial for tractabil-
ity and we cannot drop it even if we consider the problem of finding a cycle whose
length exceeds the bound ¢g¢(G) of Erdés and Gallai by one or mad(G) by two.

THEOREM 1.7. It is NP-complete to decide whether an n-vertexr connected graph
G has a cycle of length at least (g (G) +1 (mad(G) + 2, respectively).

Proof. We demonstrate an easy reduction from the HAMILTONIAN CYCLE prob-
lem that is NP-complete (see [13]). Let G be a graph with n > 3 vertices and m edges.
We also assume without loss of generality that {gg(G) < n—1; otherwise, G is Hamil-
tonian by Theorem 1.1. For every vertex v € V(G), we construct a clique X, with n—2
vertices and then make the vertices of X, adjacent to v. Denote by G’ the obtained
graph. Then n' =|V(G")|=n(n—1) and m’ = |E(G’)| = n(”gl) -+ m. We have that

2m’  nn—-1)n-2)+2m _n(n—1)(n—2)

A _ —p —
KEG(G)_n’—l_ nn—1)—1 - n(n—1) =n-Z

Because {pc(G)<n—1,2m < (n—1)? and

n2m' nn—1)(n—-2)4+2m nn—-12—-(n—-1)—(n—1)2+2m
KEG(G)_n’—l_ nn—1)—1 N nn—1)—1
<n(n—1)2—(n—1)

—n—1.
nn—1)—1 "

Then G’ has a cycle of length at least {pe(G’)+1 if and only if it has a cycle of length
at least n. By the construction of G’, G’ has a cycle of length at least n if and only
if G has such a cycle, that is, if and only if G is Hamiltonian.

To prove the claim for the maximum average degree, note that HAMILTONIAN
CYCLE is NP-complete for sparse graphs. In particular, the hardness holds for cubic
graphs [13]. If G is a cubic graph then for the constructed graph G’, we have that
mad(G’) = ad(H) = n — 2, where H = G[X,, U {v}] for arbitrary v € V(G). Then G’
has a cycle of length at least mad(G) + 2 = n if and only if G is Hamiltonian. This
concludes the proof. O
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